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Abstract:We extend the approach of [9] to a new calculation of the Re´nyi entropy of
a general CFT in d dimensions with a spherical entangling surface, in terms of certain
thermal partition functions. We apply this approach to calculate the Re´nyi entropy
in various holographic models. Our results indicate that in general, the Re´nyi entropy
will be a complicated nonlinear function of the central charges and other parameters
which characterize the CFT. We also exhibit the relation between this new thermal
calculation and a conventional calculation of the Re´nyi entropy where a twist operator
is inserted on the spherical entangling surface. The latter insight also allows us to
calculate the scaling dimension of the twist operators in the holographic models.
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1. Introduction
Entanglement entropy has emerged as a useful measure of entanglement with which one
can characterize various quantum systems e.g., [1, 2, 3]. Given a subsystem V described
by a density matrix ρV , the entanglement entropy corresponds to the von Neumann
entropy of the corresponding density matrix: SEE = −tr[ ρV log ρV ]. An approach for
calculating entanglement entropy for the boundary field theory in gauge/gravity duality
was proposed some five years ago in [4] — see also [5, 6]. Given a particular holographic
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framework, the entanglement entropy in the d-dimensional boundary theory between
a spatial region V and its complement V¯ is calculated by extremizing the following
expression
S(V ) =
2π
ℓd−1P
ext
v∼V
[A(v)] (1.1)
over (d–1)-dimensional surfaces v in the bulk spacetime which are homologous to the
boundary region V .1 In particular then, the boundary of v matches the ‘entangling
surface’ ∂V in the boundary geometry. Implicitly, eq. (1.1) assumes that the bulk
theory is well approximated by classical Einstein gravity, where we have adopted the
convention: ℓd−1
P
= 8πGN. Hence this expression (1.1) bears a striking resemblance
to black hole entropy, however, the surfaces v do not coincide with any event horizon
in general. While there is a good amount of evidence supporting this proposal, e.g.,
see [5, 7, 8], a general derivation of eq. (1.1) remains lacking. However, we note that a
derivation was recently constructed for the special case of a spherical entangling surface
in [9].
Another interesting measure of entanglement is the Re´nyi entropy [10, 11]:
Sq =
1
1− q log tr[ ρ
q
V
] . (1.2)
where q is a positive real number. Given this expression for the Re´nyi entropy, there are
an number of interesting limits which one may consider: In particular, one finds that
the entanglement entropy is recovered in the limit q tends to one, i.e., SEE = limq→1 Sq.
Another interesting case to consider is q →∞, which yields
S∞ = lim
q→∞
Sq = − log λ1 , (1.3)
where λ1 is the largest eigenvalue of ρV . This infinite limit is sometimes referred to as
the ‘min-entropy’. Finally we note that
S0 = lim
q→0
Sq = log [D] , (1.4)
where D corresponds to the number of nonvanishing eigenvalues of ρV . For two-
dimensional CFT’s, there is a universal result for the Re´nyi entropy of an interval
of length ℓ [2, 3]:
Sq(d = 2) =
c
6
(
1 +
1
q
)
log( ℓ/δ) , (1.5)
1Hence ‘area’ A(v) to denotes the (d–1)-dimensional volume of v. Note that the extremal surface
only yields the minimal area if one first Wick rotates to Euclidean signature.
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where c is the central charge and δ is a short-distance regulator, in the underlying
CFT. Recently, Re´nyi entropy has drawn some attention in the condensed matter com-
munity [12]. Essentially, all of these results rely on an approach to calculating Re´nyi
entropy using the ‘replica trick,’ which requires evaluating the partition function on
a q-fold cover of the original background geometry. In fact, this approach combined
with the limit q → 1 is regarded as the standard calculation of entanglement entropy.
Now holography geometrizes calculations in the boundary theory and so a natural holo-
graphic implementation of the replica trick involves a singular bulk geometry, reflecting
the singular nature of the q-fold cover in the boundary [13]. However, attempting to
work with this singular bulk space in a straightforward way [13] produces incorrect re-
sults [7]. Hence it seems that without a full understanding of string theory or quantum
gravity in the bulk, one will not be able to work with such singular bulk space in a
controlled way. This problem then stands as an obstacle both to producing a derivation
of the holographic expression of entanglement entropy (1.1) and to performing holo-
graphic calculations of Re´nyi entropy (1.2). However, one can also imagine finding a
new solution for the bulk geometry which remains smooth despite the singularity in
the boundary metric [7, 14]. Essentially our calculations below follow this route.
Recently, ref. [9] presented a new calculation of entanglement entropy of a CFT
for a spherical entangling surface in flat d-dimensional Minkowski space,2 which has a
simple holographic translation. One first considers the causal development of the ball
enclosed by the entangling surface and then observes that this spacetime region can be
conformally mapped to a ‘hyperbolic cylinder,’ R ×Hd−1. The curvature scale on the
hyperbolic spatial slices Hd−1 matches the radius of the original spherical entangling
surface, R. Further the vacuum of the CFT in the original spacetime is mapped to a
thermal bath in the hyperbolic cylinder with temperature
T0 =
1
2πR
. (1.6)
As with any other operator in the CFT, the density matrix in the new spacetime
R×Hd−1 is related to that in the original geometry by a unitary transformation, i.e.,
ρV = U
−1 ρtherm U . Hence the entanglement entropy for the spherical entangling surface
is equivalent to the thermal entropy of the CFT at temperature T0 in the hyperbolic
cylinder R×Hd−1. While this insight may not be particularly useful for a generic CFT,
using the AdS/CFT correspondence for a holographic CFT, we can relate the latter
thermal bath to an appropriate black hole in the bulk AdS space. Given the geometry
of R×Hd−1, it is natural the thermal bath in the boundary theory would be described
2This construction is also easily extended to a spherical entangling surface in a ‘cylindrical’ back-
ground with the topology R× Sd−1 [9].
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by a ‘topological’ black hole, for which the event horizon has a hyperbolic cross-section
[15]. In fact, the dual black hole with temperature T0 is simply a particular foliation of
empty AdS spacetime with slices which are topologically equivalent to R×Hd−1. Here
the coordinate transformation in the bulk from Poincare´ coordinates to the hyperbolic
foliation implements the conformal transformation described above on the boundary.3
In any event, in this holographic framework, the entanglement entropy is now given by
the horizon entropy of this black hole, which is easily calculated using Wald’s formula
[16] for any general gravitational theory in the bulk.
Now we observe this derivation presented in [9] also readily lends itself to a holo-
graphic calculation of Re´nyi entropy for a spherical entangling surface. Following the
above construction, the density matrix is (essentially) thermal and we can write the
q’th power of ρV as
ρ q
V
= U−1
exp [−qH/T0]
Z(T0)q
U where Z(T0) ≡ tr
[
e−H/T0
]
. (1.7)
The unitary transformation U and its inverse, appearing above, will cancel upon taking
the trace of this expression. Hence we are left with
tr[ ρ q
V
] =
Z(T0/q)
Z(T0)q
. (1.8)
Now using the usual definition of the free energy, i.e., F (T ) = −T logZ(T ), the corre-
sponding Re´nyi entropy (1.2) becomes
Sq =
q
1− q
1
T0
[F (T0)− F (T0/q)] . (1.9)
We note that this result matches that in [17], which examined Re´nyi entropies for a
thermal ensemble. Further using the standard thermodynamic identity, S = −∂F/∂T ,
we can rewrite this expression as
Sq =
q
q − 1
1
T0
∫ T0
T0/q
Stherm(T ) dT , (1.10)
where Sq is the desired Re´nyi entropy while Stherm(T ) denotes the thermal entropy of
the CFT on R ×Hd−1. Eq. (1.10) will be convenient for our holographic calculations
in the following. It is clear from this expression that we recover the desired result for
the entanglement entropy
SEE = lim
q→1
Sq = Stherm(T0) . (1.11)
3The interested reader will find the precise details of this transformation of the bulk coordinates
in [9].
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with T0 given in eq. (1.6).
This discussion demonstrates that for any CFT, Re´nyi entropies of a spherical en-
tangling surface can be calculated if the thermal entropy on the hyperbolic cylinder
R × Hd−1 is known for an arbitrary temperature. As with the entanglement entropy,
this approach will now allow us to perform holographic calculations of the Re´nyi en-
tropy of the boundary CFT in the case where the entangling surface is a sphere Sd−1.
The essential new ingredient is that we must understand the thermodynamic prop-
erties of the dual topological black holes away from T = T0. Hence our analysis of
holographic Re´nyi entropy is restricted to bulk gravitational theories where these black
hole solutions are known. Hence the present discussion differs from that of holographic
entanglement entropy in [9], which applied for any covariant theory of gravity in the
bulk.
An overview of the remainder of the paper is as follows: We begin by explicitly
calculating the holographic Re´nyi entropy as described above for three bulk theories:
Einstein gravity, Gauss-Bonnet gravity [18] and quasi-topological gravity [19, 20] in
sections 2.1, 2.2 and 2.3, respectively. Our results indicate that the Re´nyi entropy
(and in particular, the universal contribution) is a complicated nonlinear function of
the central charges and other parameters which characterize the underlying CFT. In
section 3, we review the calculation of Re´nyi entropy in terms of twist operators for two-
dimensional CFT’s and investigate the holographic representation of these calculations.
Section 4 presents the connection between the ‘thermal calculation’ of Re´nyi entropy
discussed above and the calculation where a twist operator is inserted on the spherical
entangling surface. This discussion applies for CFT’s in any dimension and so in section
4.1, we apply these insights to calculate the scaling dimension of the twist operators
for the holographic models introduced in section 2. Finally, in section 5, we begin
to examine what information can be inferred about the eigenvalue spectrum of the
reduced density matrix using our results for the Re´nyi entropy. Then we conclude
with a discussion of our results in section 6. A number of appendices are included
to cover certain ancillary discussions. in appendix A, we consider various inequalities
which Re´nyi entropy must generally satisfy and their implications for our holographic
results.. Appendix B presents a nontrivial holographic model for a three-dimensional
boundary CFT. Our calculations with this model indicate that there is no particular
simplification of the Re´nyi entropy for d = 3. Finally, we present some details of
holographic calculations relevant for section 3 in appendix C.
2. Holographic Re´nyi Entropy
As described in the introduction, our goal is to use the AdS/CFT correspondence to cal-
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culate the Re´nyi entropy for a spherical entangling surface in the boundary conformal
field theory. We do this for three bulk gravitational theories of increasing complex-
ity, beginning with Einstein gravity in section 2.1 and then considering Gauss-Bonnet
gravity in section 2.2 and quasi-topological gravity in section 2.3. In appendix B, we
also make a perturbative analysis of a four-dimensional bulk theory with an interaction
term which is cubic in the Weyl tensor. As we describe below, the additional couplings
appearing in these bulk gravity theories allow us to consider a broader class of dual
boundary CFT’s. The three gravitational theories in this section were chosen because,
in each case, a family of analytic solutions is known corresponding to topological black
holes with hyperbolic horizons. Using the standard tools of black hole thermodynam-
ics, i.e., the Wald entropy [16], we are then able to calculate the horizon entropy for
these black holes. The standard AdS/CFT dictionary equates this horizon entropy to
the thermal entropy of the boundary CFT on the hyperbolic cylinder R×Hd−1. Hence
using eq. (1.10) we can calculate the Re´nyi entropy for a spherical entangling surface.
Before moving to specific cases, let us consider the gravitational calculations in
a little more detail. We are considering a d-dimensional boundary theory and hence
the bulk spacetime has d+1 dimensions. For the three gravity theories of interest, the
metric for the topological black holes will take the form
ds2 = −
(
r2
L2
f(r)− 1
)
N2dt2 +
dr2
r2
L2
f(r)− 1 + r
2dΣ2d−1 , (2.1)
where dΣ2d−1 is the line element for the (d−1)-dimensional hyperbolic plane Hd−1 with
unit curvature. The function f(r) is determined by the field equations of the particular
gravity theory under consideration. We will find that asymptotically f(r →∞) ≡ f∞
and hence, from grr, we can see that the AdS curvature scale is given by L˜
2 = L2/f∞.
We have included an extra constant N2 in gtt to allow us to adjust the normalization of
the time coordinate. In particular, we will choose N2 = L2/(f∞R
2) = L˜2/R2 to ensure
that the boundary metric is conformally equivalent to
ds2
∞
=
(−dt2 +R2dΣ2d−1) . (2.2)
That is, we are studying the boundary CFT on R ×Hd−1 with the curvature scale of
the hyperbolic spatial slices set to R.
The position of the event horizon, given by vanishing of gtt, is defined by the
expression
r2
H
L2
f(rH) = 1 . (2.3)
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The temperature of the thermal bath in the boundary CFT is given by the Hawking
temperature of the horizon, which may be written as
T =
N
4π
∂r
[
r2
L2
f(r)
]
r=rH
=
L˜
4πR
[
2
rH
+
r2
H
L2
∂f(r)
∂r
∣∣∣∣
r=rH
]
. (2.4)
At this point, we note that setting f(r) to a constant, i.e., f(r) = f∞, always provides
a solution of the gravitational equations of motion. This is the case where the metric
(2.1) corresponds to a pure AdS space with a hyperbolic foliation. With this choice,
eq. (2.3) yields rH = L˜ and then from eq. (2.4) we recover the expected temperature as
in eq. (1.6), i.e., T = T0 = (2πR)
−1. This AdS metric was central to the discussion of
holographic entanglement entropy in [9].
Now one could proceed with a holographic calculation the Re´nyi entropy using
eq. (1.9). In this approach, one would first evaluate the Euclidean gravitational action
IE for the topological black holes (2.1). Then interpreting this result in terms of the
free energy of the dual thermal ensemble, i.e., F (T ) = T IE(T ), the Re´nyi entropy is
easily calculated with the expression in eq. (1.9). However, we will instead proceed with
eq. (1.10) where the thermal entropy is determined as the horizon entropy of the dual
black holes. Hence an essential step in our calculations will be evaluating the horizon
entropy of these topological black holes (2.1). Since in sections 2.2 and 2.3 we will be
considering bulk theories with higher curvature interactions, we calculate the horizon
entropy using Wald’s formula [16]
S = −2π
∫
horizon
dd−1x
√
h
∂L
∂Rabcd
εˆab εˆcd , (2.5)
where L corresponds to the Lagrangian of the particular gravity theory of interest. We
use εˆab to denote the binormal to the horizon.
Again, we interprete this result as the thermal entropy of the boundary CFT at a
temperature T given by eq. (2.4) and then we can calculate the Re´nyi entropy using
eq. (1.10). However, rather than considering the entropy as a function of the tempera-
ture, it will be more convenient in the following to consider S(x) where x ≡ rH/L˜. In
this case, we can rewrite the expression for the Re´nyi entropy as
Sq =
q
q − 1
1
T0
∫ 1
xq
S(x)
dT
dx
dx (2.6)
=
q
q − 1
1
T0
[
S(x) T (x)|1xq −
∫ 1
xq
dS
dx
T (x) dx
]
.
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The upper endpoint in the above integral is fixed using rH = L˜ and hence x = 1
for T = T0. It remains to determine the lower endpoint xq corresponding to the
temperature T = T0/q. We will see below that the precise value of xq will depend on
the details of the gravitational theory under consideration.
The black hole solutions (2.1) above inherit an SO(1, d − 1) symmetry from the
hyperbolic plane portion of the metric. In particular, the geometry of the horizon is
homogenous and the integrand in eq. (2.5) is simply a constant in the cases of interest.
Hence we may write the entropy as:
S = −2π rd−1
H
∂L
∂Rabcd
εˆab εˆcd
∣∣∣∣
r=rH
VΣ . (2.7)
Here we have introduced VΣ to denote the ‘coordinate’ volume of the hyperbolic plane,
i.e., VΣ =
∫
Hd−1
dΣ. Of course, this volume is divergent and must be regulated to make
sense of the entropy. As described in detail in [9], this divergence is related to the UV
divergences appearing in the Re´nyi entropy.
A convenient choice of coordinates on Hd−1 is given by4
dΣ2d−1 =
dy2
y2 − 1 + (y
2 − 1) dΩ2d−2 , (2.8)
where dΩ2d−2 is the line-element on a unit (d−2)-sphere. As explained in [9], the horizon
entropy (2.7) is regulated by integrating out to a maximum radius in this hyperbolic
geometry:
ymax =
R
δ
, (2.9)
where δ is the short-distance cut-off in the boundary CFT. Hence the hyperbolic volume
becomes
VΣ = Ωd−2
∫ ymax
1
(
y2 − 1)(d−3)/2 dy
≃ Ωd−2
d− 2
[
Rd−2
δd−2
− (d− 2)(d− 3)
2(d− 4)
Rd−4
δd−4
+ · · ·
]
, (2.10)
where Ωd−2 = 2π
(d−1)/2/Γ((d−1)/2) is the area of a unit (d−2)-sphere. Now using the
horizon entropy in eq. (2.7) to calculate the Re´nyi entropy using eq. (1.10), it is clear
that the UV divergences appearing in the latter are simply inherited from the above
expression for VΣ.
An important consequence of these calculations is that the UV divergences appear-
ing in the Re´nyi entropy for any q — and the entanglement entropy given by q = 1
4In terms of the coordinates chosen in [9], y = coshu or y =
√
x2 + 1.
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— have precisely the same structure. In particular, if we note that the area of the
spherical entangling surface is given by Ad−2 = Ωd−2Rd−2, then from eq. (2.10) the
leading divergence in the Re´nyi entropies will have the form of the ‘area law’ expected
to appear in the entanglement entropy [5, 6]. Note that the hyperbolic geometry of
the horizon was essential to ensure the leading power was 1/δd−2 here despite the area
integral being (d−1)-dimensional in eq. (2.10). Of course, the power-law divergences in
the Re´nyi entropies are not universal, e.g., see [5, 6], however, a universal contribution
can be extracted from the subleading terms. The form of this universal contribution
to the entanglement entropy depends on whether d is odd or even [9, 21]:
VΣ,univ =
πd/2
Γ(d/2)
×
{
(−) d2−1 2
π
log(2R/δ) for even d ,
(−) d−12 for odd d . (2.11)
Here we should acknowledge a technical point with regards to odd d. As is standard,
we have identified here the universal contribution as the constant term appearing in
the expansion (2.10). While the universal character of this constant is established in
the entanglement entropy, i.e., S1, for a variety of d = 3 conformal quantum critical
systems [23], as well as certain three-dimensional (gapped) topological phases [1]. Nev-
ertheless, in general, one may worry whether this constant is affected by the details of
scheme chosen to regulate the underlying field theory. However, this issue should be
circumvented by considering the mutual information with an appropriate construction
[9, 21], as can be explicitly demonstrated in holographic calculations [24]. The potential
ambiguity does not appear with the mutual information since the latter is free of any
UV divergences — for example, see [25, 26]. We expect that the same approach can be
extended to Re´nyi entropies with general q. For the present purposes, however, it will
suffice to focus on the above terms (2.11) to identify the universal contribution to the
Re´nyi entropies.
2.1 Einstein gravity in any dimension
To begin the detailed calculations, we consider Einstein gravity. Hence the bulk action
is simply
I =
1
2ℓd−1P
∫
dd+1x
√−g
(
d(d− 1)
L2
+R
)
, (2.12)
and the equations of motion lead to the solution
f(r) = 1− ω
d
rd
, (2.13)
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for the line element in eq. (2.1). Above, ωd is an integration constant which characterizes
the energy (density) of the corresponding black hole. For the present purposes, it is
most useful to parameterize this constant in terms of the position of the horizon with
ωd = rd
H
− L˜2rd−2
H
. (2.14)
Further we note that here, f∞ = f(r → ∞) = 1 and hence L˜ = L, i.e., the AdS
curvature scale is same as the scale appearing in the cosmological constant term in the
action (2.12). The latter equality will not hold for the higher curvature gravity theories
in the subsequent sections. Applying eq. (2.4) to the present case, we find that the
temperature is given by
T =
1
4πR
[
d
rH
L˜
− (d− 2) L˜
rH
]
. (2.15)
Next we would like to determine the horizon entropy. For Einstein gravity, the Wald
formula (2.5) reduces to the expected result S = Ahor/(4GN) = 2πℓd−1
P
Ahor and hence, in
the present case, eq. (2.7) reduces to
S =
2π
ℓd−1P
rd−1
H
VΣ . (2.16)
Now we would like to use these results to determine the Re´nyi entropy using
eq. (2.6). First we must re-express the temperature (2.15) and the entropy (2.16)
as functions of the variable x = rH/L˜:
T (x) =
T0
2
[
d x− d− 2
x
]
, S(x) = 2πVΣ
L˜d−1
ℓd−1P
xd−1 . (2.17)
Next we must determine the lower endpoints xq of the corresponding integration, which
corresponds to T = T0/q. From eq. (2.17), we see that xq satisfies
0 = d x2q −
2
q
xq − (d− 2) . (2.18)
We can easily find the roots of this quadratic equation and choosing the real and
positive root we have
xq =
1
qd
(
1 +
√
1− 2dq2 + d2q2
)
. (2.19)
Further we may note that xq ≤ 1 for q ≥ 1. Now it straightforward to show that
eq. (2.6) yields
Sq =
π q
q − 1VΣ
(
L˜
ℓP
)d−1 (
2− xd−2q
(
1 + x2q
))
. (2.20)
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Figure 1: (Colour Online) Ratio of the Re´nyi entropy to the entanglement entropy,
Sq/S1, as a function of q. Starting at the bottom, the three curves correspond to d = 2
(red), 3 (blue) and 1000 (green). The dashed line with Sq/S1 = 1 is simply a guide to
the eye. Note that Sq/S1 < 1 for q > 1 and Sq/S1 > 1 for q < 1.
This expression is plotted in Figure 1 for various values of d.
As discussed in the introduction, it is interesting to consider the limits q → 0, 1
and ∞, which yield
lim
q→0
Sq = 2πVΣ
(
L˜
ℓP
)d−1(
2
d
)d
1
2qd−1
,
lim
q→1
Sq = 2πVΣ
(
L˜
ℓP
)d−1
, (2.21)
lim
q→∞
Sq = 2πVΣ
(
L˜
ℓP
)d−1 (
1− d− 1
d
(
d− 2
d
) d−2
2
)
.
As required, we recover the entanglement entropy in the limit q → 1, as was calculated
previously [9, 21]. This can also be seen by substituting rH = L˜ in eq. (2.16). We
discuss various properties of S0 and S∞ later. However, let us note here that because
of the factor of VΣ, both of these expressions (as well as S1) are divergent in the limit
δ → 0.
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In this general expression (2.20), we can recognize that the factor (L˜/ℓP)
d−1 gives
a count of the number of degrees of freedom in the dual boundary CFT, e.g., for even
d, this factor is proportional to the central charge of the boundary theory [27].5 As
discussed previously, the factor VΣ contains information about the size of the entan-
gling surface and the short-distance cut-off, as given in eqs. (2.10) and (2.11). The
remaining factors implicitly give some function of q (and d) through eq. (2.19). Hence
the qualitative form of eq. (2.20) is
Sq = C × V (R/δ)× f(q) , (2.22)
where C denotes some central charge in the boundary CFT. Hence this expression,
which applies for any d ≥ 2, has a form similar to the Re´nyi entropy of any two-
dimensional CFT given in eq. (1.5). We will see, however, that for holographic CFT’s
in higher dimensions which are dual to a more general gravitational theory than Einstein
gravity, the general form of eq. (2.22) no longer applies.
It is a non-trivial check of our result (2.20) to verify that it yields the expected
result (1.5) for a two-dimensional CFT when d = 2. In this case, eq. 2.18 simplifies to
yield xq = 1/q and then eq. (2.20) becomes
Sq(d = 2) =
πL˜
ℓP
(
1 +
1
q
)
VΣ . (2.23)
Now we make some observations: first, the central charge of the boundary CFT is given
by c = 12πL˜/ℓP, as is well known [27]. Second, care must be taken in evaluating the
regulated volume VΣ. For d = 2, there are no power law divergences as in eq. (2.10),
rather the leading contribution coincides with the universal term in eq. (2.11), i.e., one
finds the logarithmic divergence VΣ(d = 2) = 2 log(2R/δ) + · · · . Finally, for d = 2,
the ‘spherical’ entangling surface consists of two points separated by a distance 2R. In
other words, we are calculating the Re´nyi entropy for an interval of length ℓ = 2R.
Combining these observations, eq. (2.23) becomes
Sq(d = 2) =
c
6
(
1 +
1
q
)
log
ℓ
δ
, (2.24)
which precisely matches the required result (2.20) for two dimensions.
2.2 Gauss-Bonnet gravity and d ≥ 4
In this section, we examine holographic Re´nyi entropy for higher curvature bulk theories
by considering Gauss-Bonnet (GB) gravity [18]. The gravitational action in (d + 1)
5Recall that all of the central charges are proportional to this same factor for any holographic CFT
dual to Einstein gravity [27].
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dimensions can be written:
I =
1
2ℓd−1P
∫
dd+1x
√−g
[
d(d− 1)
L2
+R +
λL2
(d− 2)(d− 3)X4
]
, (2.25)
where
X4 = RabcdRabcd − 4RabRab +R2 . (2.26)
Of course, because this interaction is proportional to the four-dimensional Euler density,
X4 only contributes to the equations of motion for d ≥ 4 [28]. These higher-dimensional
theories (2.25) have a variety of interesting features but foremost amongst these is
the fact that the equations of motion are only second order in derivatives [18], which
is related to the topological origin of the X4 interaction. Relevant for the present
analysis, asymptotically AdS black hole solutions with hyperbolic horizons were found
for GB gravity in [29]. We might also mention that [8, 30] provided a generalization of
the standard prescription for holographic entanglement entropy (1.1) to these higher
curvature theories. However, we will not directly use the results of these studies here.
Recently, there has been renewed interest in this theory (2.25) in the context of
the AdS/CFT correspondence — for example, see [31]. One interesting feature of the
dual boundary theory is that the different central charges have distinct values because
of the curvature-squared interaction [32]. For example, in four dimensions, one has [20]
c = π2
L˜3
ℓ3
P
(1− 2λf∞) , a = π2 L˜
3
ℓ3
P
(1− 6λf∞) . (2.27)
As before, we are using L˜ to denote the curvature scale of the AdS vacuum while
f∞ = L
2/L˜2. The precise definition of f∞ for GB gravity is given below in eq. (2.35).
To facilitate our discussion with arbitrary d ≥ 4, we would like to define two central
charges that appear any CFT for any d— including odd d and hence the trace anomaly
is not a useful definition of the central charges. One simple charge is that controlling
the leading singularity of the two-point function of the stress tensor. For GB gravity,
one finds [33]6
C˜T =
πd/2
Γ(d/2)
(
L˜
ℓP
)d−1
[1− 2λf∞] . (2.28)
One can think of this central charge as playing the role of the four-dimensional c in
higher dimensions. In fact, with the present normalization, we have C˜T
∣∣
d=4
= c. As
6Note that the present normalization was chosen so that C˜T = a
∗
d in the limit λ→ 0. This choice
is slightly different from that in [33], i.e., CT =
d+1
d−1
Γ(d+1)
pid
C˜T .
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the second central charge, we use that identified in [21] as satisfying an interesting
holographic c-theorem:
a∗d =
πd/2
Γ(d/2)
(
L˜
ℓP
)d−1 [
1− 2d− 1
d− 3λf∞
]
. (2.29)
This central charge can be determined in the CFT from the entanglement entropy
across a spherical entangling surface [21]. Further it was shown [21] that, in even
dimensions, a∗d is the central charge appearing in the A-type trace anomaly [34]. For
example, comparing with eq. (2.27), we see a∗d
∣∣
d=4
= a. In odd dimensions, this central
charge can also be identified with the (renormalized) partition function of the boundary
theory evaluated on Sd [9]. With this holographic dictionary, eqs. (2.28) and (2.29), we
can interpret the results of our gravitational calculations in terms of quantities defined
in the dual boundary theory.
Let us now follow the analogous steps as in the previous section to calculate Re´nyi
entropy with GB gravity. First we must determine the function f(r) appearing in the
metric (2.1). For GB gravity, the equations of motion lead to the following simple
quadratic equation [19]:
f(r)− λf(r)2 = 1− ω
d
rd
, (2.30)
where ωd is again an integration constant. Combining the above expression with
eq. (2.3), we can parameterize this constant in terms of the position of the horizon
with
ωd = rd
H
− L2rd−2
H
+ λL4rd−4
H
. (2.31)
It is straightforward to determine the roots of eq. (2.30) and we find
f(r) =
1
2λ
[
1−
√
1− 4λ
(
1− ω
d
rd
)]
. (2.32)
We should note that, in general, eq. (2.30) has two roots and we are only considering
that which yields the solution (2.13) of the Einstein theory in the limit λ → 0. One
finds that graviton fluctuations about the solution given by the other root are ghosts
[35, 19] and hence the boundary theory would not be unitary. Demanding a reasonable
holographic framework (i.e., demanding that the dual theory is causal or does not
produce negative energy excitations) produces further constraints. In particular, the
gravitational coupling must lie within [31, 33]
−(3d+ 2)(d− 2)
4(d+ 2)2
≤ λ ≤ (d− 2)(d− 3)(d
2 − d+ 6)
4(d2 − 3d+ 6)2 . (2.33)
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In terms of the central charges, these bounds are conveniently written as
d(d− 3)
d(d− 2)− 2 ≤
C˜T
a∗d
≤ d
2
. (2.34)
We also observe here that f∞ = (1 −
√
1− 4λ)/(2λ) and hence L˜ = L/√f∞ 6= L for
nonvanishing λ, i.e., the AdS curvature scale is distinct from the scale L appearing in
the action (2.25). Further, we note that from eq. (2.30), the constant f∞ satisfies
1− f∞ + λf 2∞ = 0 , (2.35)
which may be used to simplify various expressions in the following.
Applying eq. (2.4) to the above solution (2.32) we find that the temperature can
be expressed as
T =
1
2πR
1
x
(
1 +
d
2f∞
x4 − f∞x2 + λf 2∞
x2 − 2λf∞
)
, (2.36)
where, as in the previous section, we used x = rH/L˜. Next the horizon entropy is
calculated to be7
S =
2π
ℓd−1P
∫
dd−1x
√
h
[
1 +
2λL2
(d− 3)(d− 2)R
]
(2.37)
= 2π
L˜d−1
ℓd−1P
VΣ x
d−1
(
1− 2λf∞d− 1
d− 3
1
x2
)
.
Then applying eq. (2.6) we arrive at the following expression for the Re´nyi entropy
Sq =
π q
q − 1VΣ
(
L˜
ℓP
)d−1 [
1
f∞
(
1− xdq
)− 3
d− 3
(
1− xd−2q
)− d− 1
d− 3λf∞
(
1− xd−4q
)
+
d
d− 3 (1− 4λ)
(
1
1− 2λf∞ −
xdq
x2q − 2λf∞
)]
, (2.38)
where again xq corresponds to the value of x when the horizon temperature is T = T0/q.
Using eq. (2.36), we find that the latter is the root of a quartic equation:
0 =
d
f∞
x4q −
2
q
x3 − (d− 2)x2 + 4λf∞
q
x+ (d− 4) λf∞ . (2.39)
As a check of these results, one may verify that in the limit λ→ 0, they reduce to the
correct expressions for Einstein gravity in eqs. (2.18) and (2.20).
7Note that the expression in the first line of eq. (2.37) is not precisely the same as the Wald entropy
(2.5) but both expression agree when evaluated on a Killing horizon [36, 8].
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Since these general expressions are quite complicated, in considering the results in
more detail, we focus on d = 4. In this case, we may use eq. (2.27) to express the result
(2.38) in terms of the central charges of the boundary CFT:
Sq =
q
q − 1
VΣ
4π
(1− x2q)
[
(5c− a)x2q − (13c− 5a) + 16c
2c x2q − (c− a)
(3c− a)x2q − (c− a)
]
(2.40)
and further eq. (2.39) reduces to the following cubic equation:
0 = x3q −
3c− a
5c− a
(
x2q
q
+ xq
)
+
1
q
c− a
5c− a . (2.41)
This four-dimensional result is still quite complicated. The Re´nyi entropy for these
theories no longer has the simple qualitative form (2.22) that was found for the holo-
graphic CFT’s dual to Einstein gravity and held for any two-dimensional CFT. Here
we would replace eq. (2.22) with Sq = a× V (R/δ)× f(q, c/a). In particular, the Re´nyi
entropy depends on both of the two distinct central charges in the boundary theory
and the dependence on these central charges can not be factored from the dependence
on the index q.
Considering the limits q → 0, 1 and ∞ in eq. (2.40), we find8
lim
q→0
Sq = a
2VΣ
π
1
8q3
(3(c/a)− 1)4
(5(c/a)− 1)3 ,
lim
q→1
Sq = a
2VΣ
π
, (2.42)
lim
q→∞
Sq = a
2VΣ
π
[
1− 3
2
(c/a)2
5(c/a)− 1
]
.
As required, in the limit q → 1, we recover the entanglement entropy as was calculated
previously [9, 21]. In this case, there is a considerable simplification and in particular
this result only depends on the central charge a. Of course, it is a general result for
any d = 4 CFT that the coefficient of the universal term in VΣ, given in eq. (2.11),
is proportional to a (and is independent of c) with a spherical entangling surface, as
considered in [37]. However, no such simplification arises in either of the other limits
with S0 and S∞ depending on both a and c.
As the Re´nyi entropy in eq. (2.40) is so complicated, it is useful to analyze the
result numerically. For this purpose, we consider the ratio of Sq/S1, i.e., the ratio of the
q’th Re´nyi entropy to the entanglement entropy. In dividing by S1, the entanglement
8It may be useful to note the corresponding limits for the physical root of eq. (2.41): limq→0 xq =
f∞/(2q), limq→1 xq = 1 and limq→∞ xq =
√
f∞/2.
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Figure 2: Re´nyi entropy (2.40) divided by the entanglement entropy, Sq/S1 plotted as a
function of c/a for various values of q = {1, 2, 3, 10, 100} with d = 4. The corresponding
curves run from top to bottom with q = 1 at the top. In panel (a), the plot runs over
the physical range: 2/3 ≤ c/a ≤ 2. Despite the complicated form of eqs. (2.40) and
(2.41), these curves are all essentially linear. In panel (b), we see this nearly linear
behaviour breaks down for smaller values of c/a.
entropy, we remove the dependence on the regulator volume VΣ as well as the overall
factor of the central charge a, and we are left with a function of q and c/a. Figure 2
shows a plot of Sq/S1 as a function of c/a for various values of q. Recall that physical
constraints on the holographic framework impose constraints on the allowed values of
the gravitational coupling λ, as given in eq. (2.33), or alternatively on the ration of the
two central charges, as given in eq. (2.34). For d = 4, the latter become [38, 31]:
2
3
≤ c
a
≤ 2 . (2.43)
Hence in figure 2(a), we only plot Sq/S1 over this physical range. Remarkably, the
figure shows that in this range, the resulting curves are essentially linear for any value
of q. Further Sq/S1 is a monotonically decreasing function of c/a, i.e.,
Sq
S1
∣∣∣∣
c1/a1
>
Sq
S1
∣∣∣∣
c2/a2
for
c1
a1
<
c2
a2
. (2.44)
Some insight into this apparent linearity comes from considering the q →∞ limit.
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Using the expressions in eq. (2.42), the ratio of interest can be written as
S∞
S1
= 1− 3
10
c
a
1
1− 1
5
(
c
a
)−1 (2.45)
≃ − 3
10
c
a
+
47
50
− 3
250
a
c
− · · · .
In the physical regime, the term 1
5
(
c
a
)−1
varies between 0.1 and 0.3 and hence the cor-
responding expression multiplying c/a in the first line above is approximately constant.
In fact, the slope varies by slightly less than 10% over the physical region (2.43). The
suppression of the higher order terms in the expansion in the second line above essen-
tially arises because of the extra factor of 1/5 and so appears to be largely a numerical
accident. Using eqs. (2.40) and (2.41), a similar expansion can be made for Sq/S1 with
general q but we do not present the details here. These are essentially expansions for
large c/a and, as evident from figure 2(a), numerical factors again strongly suppress
the higher order terms even though the ratio of central charges is not particularly large
in the physical regime (2.43).
It is straightforward to demonstrate that the Re´nyi entropy could not have been
a linear function of the central charges. The latter must obey the inequality ∂qSq ≤ 0
[11] — see also appendix A — and hence we should find Sq/S1 < 1 for all q > 1 and
any c/a. Hence, Sq/S1 is bounded from above and therefore cannot be linear in c/a. In
figure 2(b), we plot this ratio for smaller values of c/a outside the physical regime. In
this plot, the nonlinearity becomes evident and it can be seen that the curves for q = 10
and 100 reach a maximum value. From eq. (2.45), one readily finds that the maximum
in S∞/S1 occurs at c/a = 2/5. However, we note that this interesting structure arises
in a regime where the holographic model has unphysical properties and so we do not
wish to put too much weight on the appearance of these maxima. We further note that
S∞/S1 becomes negative for c/a . 0.214 or c/a & 3.120, which is clearly unphysical.
Above we have focused the discussion on d = 4 for simplicity. It is straightforward
to carry out a similar analysis for any value of d — however, recall we are assuming
d ≥ 4 with this holographic model using GB gravity in the bulk — and the results
are qualitatively similar to those found above. In particular, one would begin using
eqs. (2.28) and (2.29) to translate the Re´nyi entropy (2.38), as well as eq. (2.39), to
expressions in terms of the effective central charges, C˜T and a
∗
d, in the dual boundary
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Figure 3: Sq/S1 plotted as a function of C˜T/a
∗
d for d = 5, 6 and for q = {1, 2, 3, 10, 100}.
The corresponding curves run from top to bottom with q = 1 at the top. Despite the
complicated form of eqs. (2.38) and (2.39), these curves are all essentially linear in the
physical regime of C˜T/a
∗
d, given in eq. (2.34).
theory. In particular, one may make this translation using(
L˜
ℓP
)d−1
=
Γ (d/2)
2πd/2
a∗d
(
(d− 1) (C˜T/a∗d)− (d− 3)
)
, (2.46)
λf∞ =
d− 3
2
(C˜T/a
∗
d)− 1
(d− 1) (C˜T/a∗d)− (d− 3)
,
from eqs. (2.28) and (2.29), as well as 1/f∞ = 1− λf∞ from eq. (2.35). One then finds
expressions which are equally complicated as eqs. (2.40) and (2.41) were for d = 4.
However, one may again plot Sq/S1 versus C˜T/a
∗
d and in the physical regime corre-
sponding to eq. (2.34), the resulting curve is essentially linear. Figure 3 illustrates this
behaviour for d = 5 and 6.
2.3 Quasi-topological gravity and d = 4
It is well known that, for any even d, the universal contribution to the entanglement
entropy of a CFT has a logarithmic dependence on the UV cut-off with a coefficient
given by some linear combination of the central charges appearing in the trace anomaly
[5, 21, 37, 8]. This result applies for any smooth entangling surface and the precise linear
combination of central charges depends of the geometries of both the entangling surface
and the background in which it is embedded. In the previous section, by extending the
bulk theory to GB gravity, we were able to distinguish various (effective) central charges
in the boundary theory, as given in eqs. (2.28) and (2.29). However, the subsequent
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holographic calculations demonstrated that the Re´nyi entropy of the boundary CFT’s
has a very complicated dependence on these two charges — a property that holds for
both even and odd d ≥ 4. In this section, we will demonstrate that this complexity
extends beyond the central charges. In particular, we will focus on the case of even
dimensions and show that, in general, the Re´nyi entropy for a spherical entangling
surface depends on CFT parameters beyond the central charges appearing in the trace
anomaly.
In the following, we will study a d = 4 holographic model with quasi-topological
gravity as the bulk theory [19, 20].9 The action is given by
I =
1
2ℓ3
P
∫
d5x
√−g
[
12
L2
+R +
λL2
2
X4 + 7µL
4
4
Z5
]
(2.47)
where X4 is the same curvature-squared term (2.26) appearing in GB gravity and Z5
is a new third-order interaction originally constructed in [19, 39]:
Z5 = R c da b R e fc d R a be f +
1
56
(
21RabcdR
abcdR− 72RabcdRabceRde
+120RabcdR
acRbd + 144Ra
bRb
cRc
a − 132R baR ab R + 15R3
)
. (2.48)
This action (2.47) was constructed to provide a holographic model where the three-
point function of the stress tensor in the boundary CFT had the most general possible
form [19]. In any CFT with d ≥ 4, this three-point function is fixed by conformal
invariance up to three independent constants. For d = 4, we may characterize these
three constants as the two central charges, a and c, and a third parameter t4 which
naturally arises in describing certain scattering experiments.10 Given the action (2.47),
the appropriate AdS/CFT dictionary reads [20]:
c = π2
L˜3
ℓ3
P
(
1− 2λf∞ − 3µf 2∞
)
,
a = π2
L˜3
ℓ3
P
(
1− 6λf∞ + 9µf 2∞
)
, (2.49)
t4 =
2µf 2
∞
1− 2f∞λ− 3µf 2∞
.
9It is straightforward to extend the following analysis to higher values of d but the qualitative
behaviour of the Re´nyi entropy does not change. In particular, the final result explicitly depends on
the new parameter t4, as well as the two central charges.
10We refer the interested reader to [38, 20] for further details. We also note that to simplify various
expressions in the following, we have changed the normalization of this parameter with respect to
these previous references, i.e., (t4)previous = 1890 (t4)present.
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As usual, L˜ denotes the AdS curvature scale while f∞ = L
2/L˜2. The precise definition
for f∞ in quasi-topological gravity is given below in eq. (2.52). Note that if µ is set to
zero, we recover the expressions in eq. (2.27) for the central charges in GB gravity and
t4 vanishes.
By design, the metric function f(r) in eq. (2.1) is still determined as the root of a
simple polynomial [19]
f(r)− λf(r)2 − µf(r)3 = 1− ω
4
r4
. (2.50)
The integration constant ω4 can again be written in terms of the position of the horizon
ω4 = r4
H
− L2r2
H
+ λL4 + µL6/r2
H
. (2.51)
As noted previously, the asymptotic value of f(r) fixes the AdS scale with L˜ = L/
√
f∞.
In the present case, in the limit r → ∞, eq. (2.50) reduces to the following cubic
equation for f∞:
1− f∞ + λf 2∞ + µf 3∞ = 0 . (2.52)
Demanding that the boundary theory does not produce negative energy excitations
constrains the two higher curvature couplings, λ and µ, to satisfy [20]:
0 ≤ 1− 10λf∞ + 189µf 2∞ ,
0 ≤ 1 + 2λf∞ − 855µf 2∞ , (2.53)
0 ≤ 1 + 6λf∞ + 1317µf 2∞ .
Within this physical domain, the couplings remain relatively small. Further, in this
regime, eq. (2.52) will have three roots but implicitly we only consider the smallest
positive root, as it is the only one to yield a physically reasonable holographic model
without ghosts [35, 19].
The temperature of these black hole solutions can be calculated using eq. (2.4) and
is given by
T =
1
2πR
1
x
(
1 +
2
f∞
x6 − f∞x4 + λf 2∞x2 + µf 3∞
x4 − 2λf∞x2 − 3µf 2∞
)
, (2.54)
where as before x ≡ rH/L˜. Calculating the entropy using the Wald formula (2.7) yields
[19]:
S = 2π
L˜3
ℓ3
P
VΣ x
3
(
1− 6λf∞ 1
x2
+ 9µf 2∞
1
x4
)
. (2.55)
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Combining the above results with eq. (2.6), the Re´nyi entropy for a spherical entangling
surface in the d = 4 boundary CFT is
Sq =
π q
q − 1VΣ
L˜3
ℓ3
P
(1− x2q)
{
1 + x2q
f∞
+ (1− 16λ)− 3µf
2
∞
x2q
− 16f 2∞ (2.56)
×
[
((1− 4λ)λ2 + 3µλ− 2µ)(x2q + 3µf 2∞) + 3µf∞((1− 2λ)λ+ 3µ)(1 + x2q − 2λf∞)
(1− 2λf∞ − 3µf 2∞)(x4q − 2λf∞x2q − 3µf 2∞)
]}
.
As before, xq is defined by the relation T = T0/q. In this case, eq. (2.54) yields the
following sixth order polynomial to solve for xq:
0 =
2
f∞
x6q −
1
q
x5q − x4q +
2λf∞
q
x3q +
3µf 2
∞
q
xq − µf 2∞ . (2.57)
Although it is not immediately obvious, the µ → 0 limit correctly reproduces the
corresponding expressions for GB gravity in eqs. (2.40) and (2.39), respectively.
The above expressions are readily rewritten in terms of the CFT parameters using
eq. (2.49), which yields
L˜3
ℓ3
P
=
a
2π2
(
3
c
a
(1 + 3t4)− 1
)
,
λf∞ =
1
2
c
a
(1 + 3t4)− 1
3 c
a
(1 + 3t4)− 1 , (2.58)
µf 2
∞
=
c
a
t4
3 c
a
(1 + 3t4)− 1 ,
as well as eq. (2.52), which yields
1
f∞
= 1− λf∞ − µf 2∞ (2.59)
=
1
2
5 c
a
(1− 2t4)− 1
3 c
a
(1 + 3t4)− 1 .
Also note that the constraints in eq. (2.53) become
2 ≥ c
a
(1− 84 t4) ,
1
2
≤ c
a
(1− 210 t4) , (2.60)
2
3
≤ c
a
(1 + 224 t4) .
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We will not explicitly display eqs. (2.56) and (2.57) after their conversion to CFT
parameters since they are rather cumbersome and not particularly enlightening. Of
course, one important feature which they do demonstrate is that the Re´nyi entropies
have a very complicated dependence on these parameters characterizing the boundary
CFT. As in the previous section with GB gravity in the bulk, the Re´nyi entropy no
longer has the simple qualitative form (2.22) that appeared for CFT’s dual to Einstein
gravity. Instead the qualitative form of the results is Sq = a × V (R/δ)× f(q, c/a, t4).
In particular then, the Re´nyi entropy depends on the new parameter t4, as well as both
of the central charges. Demonstrating this additional dependence of the Re´nyi entropy
on parameters beyond the central charges in an even-dimensional CFT was the main
goal of the present section.
For a fixed value of t4, the Re´nyi entropy here has the same qualitative shape as
with GB gravity in the previous section (for which t4 = 0). In particular, within the
physical regime, Sq/S1 is nearly linear with a negative slope, similar to the dependence
shown in figure 2. Figure 4 illustrates the new dependence on t4. In figure 4(a), we see
that within the physically allowed regime fixed by eq. (2.60), the dependence of Sq/S1
on t4 (at fixed c/a) is nearly linear, but in fact the slope is very small. Figure 4(b)
shows that the dependence on t4 and c/a only becomes significant well outside of the
physical regime.
-0.004 -0.002 0.002 0.004 t4
0.65
0.70
0.75
SqS1
(a) (b)
Figure 4: (Colour Online) Sq/S1 as a function of t4 with fixed c/a = 1. Starting from
the top, the three curves correspond to q = 2 (blue), 3 (red) and 10 (green). The shaded
blue region between the dashed vertical lines corresponds to the allowed physical regime
for t4 (with c/a = 1) dictated by eq. (2.60). (b) Sq/S1 as a function of both t4 and c/a.
Note that in this case, the plot extends beyond the physical regime.
Recall that in the previous section, there was a certain simplification in the limits
q → 0, 1,∞. Considering the q → 1 limit, i.e., the entanglement entropy, first here, we
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find
SEE = lim
q→1
Sq = a
2VΣ
π
. (2.61)
The fact that, for a spherical entangling surface, the entanglement entropy only depends
on the central charge a could be anticipated from the holographic calculations of [9, 21]
or from the CFT calculations of [37]. Note that this expression matches that given for
S1 in eq. (2.42) for GB gravity.
Next turning to the limit q → 0, we find a certain simplification in the Re´nyi
entropy
lim
q→0
Sq = VΣ
L˜3
ℓ3
P
πf 3
∞
16q3
=
aVΣ
4πq3
(
3 c
a
(1 + 3t4)− 1
)4(
5 c
a
(1 + 2t4)− 1
)3 . (2.62)
As in the previous section, xq = f∞/2q in this limit. We note that the expression in
the first line, which expresses S0 in terms of the gravitational parameters, takes the
same form here for quasi-topological gravity as it did for GB gravity in the previous
section. Therefore there is no dependence on the dimensionless couplings for the higher
curvature terms except implicitly through the factor of L˜3f 3
∞
= L3f
3/2
∞ . However,
despite this simplification, this expression still depends on t4, as well as the central
charges.
Finally, we consider the limit q → ∞. In this case, there is no particular simplifi-
cation of the final result and so S∞ again depends on all three parameters, i.e., t4 as
well as the two central charges, a and c. To explicitly exhibit the t4 dependence, we
first observe that eq. (2.60) constrains the physical values of t4 to be rather small —
see, for example, figure 4(a). Hence we construct a Taylor series expansion of s∞ for
small t4 which yields
lim
q→∞
Sq ≃ 2aVΣ
π
[
1 +
3
2
(
c
a
)2
1− 5 c
a
+ t4
1− 17 c
a
+ 98
(
c
a
)2 − 194 ( c
a
)3 − 17 ( c
a
)4
+ 215
(
c
a
)5
2 c
a
(
1− 3 c
a
) (
1− 5 c
a
)2 +O(t24)
]
.
(2.63)
3. Twist Operators and Regulator Surfaces
In the previous section, the Re´nyi entropy for a spherical entangling surface was com-
puted by mapping the calculation to a thermodynamic one [9]. This approach contrasts
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with ‘standard’ field theoretic computations, particularly in two dimensions [2, 3], which
make use of the replica trick. The replica trick essentially replaces the problem of com-
puting the q-th power of the density matrix with that of another density matrix of a
different theory that comprises q copies of the original theory. The various copies only
talk to each other along the q-fold branch-cuts introduced along the region of interest.
In two dimensions, the latter is generically a collection of line segments and so this
construction can be realized with the insertion of twist operators in the path integral
over the replicated theory, which are responsible for opening and closing the branch
cuts at the end-points of the various intervals. Let us denote the twist operator at the
end-point ωi as σηiq(ωi) where ηi = +1 (–1) to open (close) a q-fold branch-cut. Then
the q-th power of the reduced density matrix is written
tr [ρ q
V
] =
∫
[
∏q
j=1Dφj]
∏
k σηkq(ωk) exp [−
∑q
i=1 Ii[φ]]∫
[
∏q
j=1Dφj ] exp [−
∑q
i=1 Ii[φ]]
≡ Zq
Zq1
. (3.1)
which corresponds to the correlation function of these twist operators. Here Zq denotes
the path integral of the replicated theory on the orbifold, and Z1 that of the original
theory on the original background. In the case of a single interval, the Re´nyi entropy
is given by the correlation function of just two twist operators and the conformal
dimension of these operators then completely fixes the form of this correlator.
The idea above of introducing branch-cuts immediately generalizes to higher di-
mensional theories. Hence applying the replica trick to calculate Re´nyi entropies in
higher dimensions should also be a straightforward extension of the previous discus-
sion. However, in practice the construction and properties of the corresponding twist
operators are not well understood for d > 2 — however, see [26, 40]. Twist operators
in a d-dimensional theory would be some (d− 2)-dimensional surface operators. From
previous work on various surface operators and their holographic duals [41], it seems
that Ryu and Takayanagi’s holographic prescription [4] for entanglement entropy is in
agreement with this interpretation. For a three-dimensional CFT, for example, the
holographic entanglement entropy computation is essentially the same as that of the
vacuum expectation value of a spatial ‘Wilson-line’ operator. As so little is known about
these operators, it would of interest to use holography to study their general proper-
ties, e.g., the conformal dimension, as this could shed light on the explicit construction
of these objects. We return to these considerations in section 4. In the present sec-
tion, we will begin with a discussion of two-dimensional CFT’s and the corresponding
holographic description of calculations using twist operators.
3.1 Twist operators in d = 2
Before considering the holographic calculation, let us review the computation the Re´nyi
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entropy Sq in a two-dimensional CFT using the replica trick in more detail. In partic-
ular, we calculate Sq for a single interval V bounded by two points ω = v1 and ω = v2
in the complex ω-plane. Without loss of generality we can put both v1 and v2 on the
real line, with v2 > v1. Recall the general definition (1.2) of the entanglement entropy
in terms of the reduced density matrix ρV :
Sq =
1
1− q log tr[ ρ
q
V
] . (3.2)
As explained above, using the replica trick, one computes instead the path integral of
a theory where q copies of all the fields are introduced accompanied by the insertion of
appropriate twist operators at the end-points, v1 and v2. Explicitly, eq. (3.1) reduces
to
tr [ρ q
V
] =
Zq
Zq1
= 〈 σq(v1) σ−q(v2) 〉 . (3.3)
The branch points at which the twist operators are inserted are singular points in the
universal cover of the ω-plane, suffering an angular excess of 2π(q − 1). However, in
d = 2, all metrics are conformally flat. Hence the singular metric on the universal
cover can be mapped to a flat metric by a conformal transformation. In particular, the
transformation [2]
z =
(
ω − v1
ω − v2
) 1
q
, (3.4)
maps the singular ω-plane to the smooth z-plane. From eq. (3.4), we easily see that
ω = v1 → z = 0 and ω = v2 → z =∞ and hence, this transformation maps the interval
between v1 and v2 in the w-plane onto the half-line in the z-plane. The power 1/q
ensures that the singularity in the universal cover is smoothed out by patching together
q copies of ω-planes. In terms of the z coordinate, each ω-plane is a wedge subtending
an angle of 2π/q. The q wedges are sewn together along edges which correspond to the
interval between v1 and v2 on either side of the branch-cut, as illustrated in figure 5.
We also observe that ω =∞ is mapped to the q-th roots of unity in the z-plane. The
above transformation (3.4) implies that
dzdz¯ =
(v2 − v1)2
q2
dωdω¯
|(ω − v1)(1−1/q) (ω − v2)(1+1/q)|2 . (3.5)
This line element explicitly illustrates that the curvature singularities in the ω-plane
can be completely absorbed by a conformal factor. Finally, let us note that with q = 1
the transformation (3.4) is in fact the Euclidean version of the map to the Rindler
wedge for d = 2 discussed in [9].
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Figure 5: The picture on the left depicts the universal cover of the ω-orbifold. The
dashed lines indicate the identifications between planes across the branch cut. The
right picture depicts the image of the universal cover in the z-plane under the conformal
mapping given in eq. (3.4).
Since the z-plane is flat and preserves translation invariance, 〈Tzz(z)〉 = 0, where
Tzz(z) is the holomorphic part of the stress tensor of the two-dimensional CFT. Hence,
transforming back to the ω-plane, we have11
〈Tωω(ω)〉 = − c
24π
{z, ω} = − c
48π
(
1− 1
q2
)
(v2 − v1)2
(ω − v2)2(ω − v1)2 , (3.7)
where c is the central charge, and {z, ω} is the Schwarzian derivative. That is,
{z, ω} = z
′′′(ω)
z′(ω)
− 3
2
(
z′′(ω)
z′(ω)
)2
. (3.8)
11Note that the present conventions are such that Tµν =
2√
g
δIE
δgµν
. We refer the interested reader to
[21] for a full discussion of our conventions but let us note here that the present conventions disagree
with those in [2, 3]. Comparing to these original references, (Tµν)original = −2pi (Tµν)present. However,
in defining the scaling dimensions below, we write the OPE of (the holomorphic part of) the stress
tensor with a primary operator as
Tωω(ω)O(z, z¯) ≃ − ∆
2pi
O(z, z¯)
(ω − z)2 + · · · (3.6)
and hence our result in eq. (3.11) is identical to that presented in [3]. Of course, the total scaling
dimension there is given by h = ∆+ ∆¯.
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As explained in [3], this expectation value (3.7) is actually for the stress tensor in
the presence of the twist operators, i.e.,
〈Tωω(ω)〉 = 〈 Tωω(ω) σq(v1) σ−q(v2) 〉〈 σq(v1) σ−q(v2) 〉 . (3.9)
This is however, the result from the insertion of Tωω for a single copy of the field
theory, i.e., on one sheet of the universal cover [3]. If we insert Tωω on all q sheets, the
right-hand side of eq. (3.7) acquires an extra factor of q to become
〈Tωω(ω)〉 = − q c
48π
(
1− 1
q2
)
(v2 − v1)2
(ω − v2)2(ω − v1)2 . (3.10)
Keeping in mind the correlator in eq. (3.9), we can easily read off the conformal dimen-
sion of the twist operators by considering the limits ω → v2, v1 in eq. (3.10) and its
complex conjugate. One finds that both σ±q are (spinless) primary operators, where
holomorphic and anti-holomorphic scaling dimensions, ∆q and ∆¯q, are both given by
the pre-factor in the expression above. Adding these two results, the total scaling
dimension of both twist operators is given by
hq = 2∆q =
q c
12
(
1− 1
q2
)
=
c
12
(
q − 1
q
)
. (3.11)
Hence we thus have
tr [ρ q
V
] = 〈 σq(v1) σ−q(v2) 〉 = sq
∣∣∣∣v2 − v1δ
∣∣∣∣−2hq , (3.12)
where δ is the short-distance UV cut-off and sq is some constant. Since tr[ρV ] = 1, we
know s1 = 1. Otherwise, it is not determined purely from conformal symmetry and
depends on the details of the CFT. However, sq will not effect the universal contribution
to the Re´nyi entropy. Substituting the above expression into eq. (3.2), we reproduce the
well known result (1.5) for the Re´nyi entropy of a single interval for any two-dimensional
CFT.
3.2 Holographic calculation for d = 2
Let us now turn to the holographic description of the above calculation with twist
operators in d = 2. In the previous section, we saw that the action of the twist operators
was captured by the conformal transformation (3.4) and hence the expectation value
of the stress tensor was simply given by the Schwarzian in eq. (3.7). As a result, the
conformal dimension of the twist operators in a two-dimensional CFT is a universal
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quantity depending only on the central charge of the theory. We expect that we should
be able to recover precisely this dimension (3.11) and the corresponding two-point
correlator (3.12) with our holographic calculations.
Related holographic calculations of Re´nyi entropies based on the replica trick first
appeared in [13]. However, the approach presented there yields incorrect results be-
cause of singularities in the bulk geometry [7]. An alternative approach avoiding such
singularities was explored in [42], although there is no natural way there to obtain the
finite contribution to the partition function. The discussion there is closely related
to our analysis below. In the following, we will demonstrate a bulk calculation that
closely parallels that presented in the previous section for the boundary CFT. Unlike
the derivation reviewed above, we will directly evaluate the path integral in the presence
of the twist operators from the classical gravity action. The extra factor of q acquired
from the q-sheets in the final answer would emerge naturally from the geometry. In
many respects, our bulk calculations closely resemble the CFT calculations found in
[43], which considered correlation functions of twist operators in a symmetric orbifold
CFT, which are relevant for the microscopic description of certain black holes in string
theory.
The standard holographic prescription dictates that we should work with an asymp-
totically AdS bulk geometry that extremizes the gravity action, and that the AdS
boundary is chosen to coincide with the geometry in which the CFT correlator of the
twist operators is evaluated. From the discussion above, the boundary should be the
universal cover of the ω-plane. One could alternatively work with the z coordinate, in
which case these curvature singularities are taken into account by the conformal factor
in eq. (3.5). However, in the following, we find it more convenient to work with the ω
coordinate. Nevertheless one should bear in mind that ω-plane only corresponds to a
single patch of the universal cover.
At this point, it is most systematic to work in the Fefferman-Graham (FG) gauge
[44] — see also [45] — where the asymptotically AdS3 metric reads
ds2 =
L2dρ2
4ρ2
+
gab(ω, ω¯, ρ) dx
adxb
ρ
, (3.13)
with
gab(ω, ω¯, ρ) = g(0) ab + ρ g(2) ab + ρ
2 g(4) ab + · · · . (3.14)
The relevant boundary metric g(0) ab in the present case is simply
ds2(0) = g(0) ab dx
adxb = dω dω¯ . (3.15)
Despite appearances, we again remind ourselves that this metric (3.15) is not every-
where flat. Rather we are thinking of this as a single patch of the universal cover which
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has curvature singularities at ω = v2 and ω = v1. Again, the above metric is related to
the flat metric in the z-plane by the conformal factor shown in eq. (3.5). In any event,
since the boundary is conformally flat, the bulk solution is still simply pure AdS3 space.
A procedure to generate pure AdS3 solutions for given conformally flat boundary
metric defined in the FG gauge was introduced in [46]. We will make use of these
techniques in what follows to illustrate some features of the holographic calculation.
However, as it turns out, the computation of Re´nyi entropy does not require the full
machinery of [46]. Hence we relegate most of the details to appendix C, quoting only
the salient results here. In particular, following this analysis for a pure AdS3 with
an arbitrary boundary metric g(0) in the FG gauge, the on-shell gravity action (C.18)
reduces to
Itot = − c
12π
∫
dωdω¯
√
g(0)
[
L2
R(0)
4
ln ρ−crit +
1
2
√
|Tωω|2 + 3
8
L2R(0)
]
. (3.16)
where R(0) is the Ricci scalar for g(0) and ρ
−
crit is the upper limit of the radial integral.
As explained in the appendix, the latter is determined by where the measure of the
bulk metric first reaches zero. Further T is a tensor appearing in evaluating g(2) and is
proportional to the stress tensor of the boundary CFT, as shown in eq. (C.16). Recall
that c = 12πL/ℓP is the central charge of (a single copy of) the boundary CFT. Explicit
expressions for ρ−crit and Tωω are given in eqs. (C.23) and (C.15), respectively.
Now, the boundary curvature (i.e., R(0) for the universal cover) and Tωω are both
singular at ω = v2 and v1. Hence to evaluate the above action (3.16), we cut-off the
integration in the ω-plane with
|ω − v2| > δ and |ω − v1| > δ , (3.17)
where δ is again the short-distance cut-off in the boundary theory. That is, we are
regulating this integral with the same cut-off that appears, for example, in evaluating
VΣ in section 2 — see eqs. (2.10) and (2.11). This regulator simplifies the integrand since
R(0) vanishes away from the two singular points. Hence upon substituting eq. (C.15)
for Tωω, the gravity action (3.16) becomes
Itot = − c
24π
∫
dωdω¯
1
2
(
1− 1
q2
)
(v2 − v1)2
|ω − v2|2 |ω − v1|2
= − c
48π
(
1− 1
q2
)∫
dωdω¯
∣∣∣∣∣ ∂ω
(
ln
∣∣∣∣ω − v1ω − v2
∣∣∣∣2
)∣∣∣∣∣
2
= − c
96π
(
1− 1
q2
)∫
dωdω¯
√
g(0) g
ab
(0) ∂aχ ∂bχ , (3.18)
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where we have introduced a convenient auxiliary field
χ = ln
∣∣∣∣ω − v1ω − v2
∣∣∣∣2 . (3.19)
Now we integrate by parts in the above integral to find
Itot = − c
96π
(
1− 1
q2
)∫
dωdω¯
[√
g(0)∇a
(
χ gab(0)∇bχ
)− 2χ ∂ω∂ω¯χ] . (3.20)
Again since the integrand is evaluated away from the singular points as in eq. (3.17),
the second term above vanishes. Now the integral reduces to two boundary terms
integrated around the edges of the two cut-off disks (3.17) at ω = v2 and v1 in the
universal cover. Adopting polar coordinates in the vicinity of the singular points, e.g.,
ω − v2 ≃ reiθ, these boundary terms yield
Itot = − c
96π
(
1− 1
q2
) (∮
ω=v2
+
∮
ω=v1
)
dθ
[
δ × χ∂rχ
]
=
q c
6
(
1− 1
q2
)
ln
(
v2 − v1
δ
)
. (3.21)
Note that the overall factor of q appears in the final result above because the total range
of the angular coordinate around the singular points on the universal cover is ∆θ = 2πq.
We should also comment that implicitly we have used the fact that the integrand dies
off sufficiently rapidly as |ω| → ∞ so that the potential boundary contribution coming
from large ω actually vanishes.
Now according to the AdS/CFT dictionary, the above on-shell action can be inter-
preted as giving the leading saddle-point approximation of the partition function of the
boundary theory evaluated on the universal cover of the orbifold, i.e., Zq = exp(−Itot).
Now combining eqs. (3.2) and (3.3), we find
Sq =
1
q − 1 (q logZ1 − logZq) (3.22)
Since Z1 is the partition function of the original (un-replicated) CFT in flat space,
the corresponding holographic calculation would compute the on-shell gravity action
(C.18) evaluated on empty AdS3 space in the usual Poincare´ coordinates. However,
using the prescription outlined here and in appendix C, this gravity action evaluates to
zero and so Z1 = 1. Therefore our leading semi-classical result for the Re´nyi entropy
follows simply from eq. (3.21):
Sq =
1
q − 1 Itot =
c
6
(
1 +
1
q
)
ln
(
v2 − v1
δ
)
(3.23)
which again matches precisely with the expected result (1.5) for the Re´nyi entropy of
a two-dimensional CFT.
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3.3 UV regulator geometry
In appendix C, we give a detailed discussion of the UV regulator surface that is implicit
in the previous holographic calculations. Of course, one component of this surface is
given as usual by the radial cut-off ρ = ρmin = δ
2/L2. However, there are two additional
caps which keep the bulk integration away from the singularities in the boundary metric
at ω = v2 and ω = v1. Hence we can think of the full regulator surface as being
composed of these three components. This choice of an ‘unusual’ regulator surface is
in fact the key to our gravitational calculation which gives a holographic translation
of the determination of the Re´nyi entropy using twist operators discussed in section
3.1. That is, with d = 2, the bulk geometry is simply empty AdS3 space. Hence
the main effect of choosing coordinates with FG gauge (3.13) is to alter the UV cut-
off surface near the AdS3 boundary relative to the ‘constant radius’ cut-off surface in
Poincare´ coordinates. Hence the interesting physical results in the previous section are
coming from this ‘unusual’ regulator surface whose choice is motivated by the problem
of calculating the Re´nyi entropy. In particular, this choice is made so that (to leading
order in δ/L) the induced metric of the cut-off surface coincides with the boundary
CFT metric in the conformal frame of interest.
This observation implies that we could have obtained the same result (3.23) in
section 3.2 through the following route: We describe the AdS3 bulk with conventional
Poincare´ coordinates,
ds2 =
L2
ξ2
(
dξ2 + dz dz¯
)
, (3.24)
but choose a nontrivial cut-off surface
ξ =
δ
L
e−φ(z,z¯) , where eφ ≡ q (v2 − v1) |z|
q−1
|zq − 1|2 . (3.25)
Here we are following the analysis of [47] — see also appendix C. With this choice,
the induced metric on this cut-off surface has the same conformal factor appearing in
eq. (3.5). Note that the factor e−φ diverges as z → 0, ∞. Hence we would introduce ad-
ditional components to regulator surface which impose |z| > δ/L and |z| < L/δ. These
additional surfaces would correspond to the two caps which keep the bulk integration
away from the twist operators in the boundary metric.
In fact, using the above approach, the on-shell gravity action evaluates to
Itot = − c
48π
∫
dzdz¯
(
∂φ ∂¯φ− 4∂∂¯φ) (3.26)
In the limit δ → 0, the above result is robust against changes in the choice of cut-off
surface (3.25) which are sub-leading in δ/L. This result is in keeping with the idea
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that a Weyl rescaling will shift the action of any d = 2 CFT action by an expression
proportional to the Liouville action, where the Liouville field takes the value of the
Weyl factor [58]. In the above expression, the first term is precisely the kinetic term of
the Liouville field φ. This result was also noted in [47], despite some small discrepancy
in the choice of surface terms. At first sight, eq. (3.26) does not appear identical to
the computation in FG coordinates, unless the second order derivatives of φ vanishes.
However, as is noted in [43], the key non-vanishing contribution that is responsible
for the final answer is in fact the kinetic term, whereas the rest drops out on careful
regularization. For our purpose, R(0) = 2∂∂¯φ = 0 within the integration region, and
indeed inserting the explicit form of φ into (3.26), we find agreement with (3.21), as is
required by conformal symmetry.
In passing, let us comment on the black hole geometries appearing in section 2. The
analog of the action calculation applied here would be to first evaluate the Euclidean
gravitational action IE for the topological black holes (2.1). Then interpreting this
result in terms of the free energy of the dual thermal ensemble, i.e., F (T ) = T IE(T ),
the Re´nyi entropy would be calculated using eq. (1.9). Implicitly the regulator surface
in this action calculation has distinct components. Of course, there would be the
standard radial cut-off surface at r = L2/δ. However, as discussed after eq. (2.8),
we must also impose an ‘IR cut-off’ in the radial integration across the hyperbolic
geometry foliating the AdS geometry. That is, we will have a new cut-off surface near
where these surfaces approach the asymptotic AdS boundary. As we will see from the
discussion in the following section, these new surfaces are analogous to the caps above
which restrict the bulk integration from approaching the position of the twist operators
in the boundary metric.
4. Twist operators and Thermal ensembles
In the previous sections, we presented two holographic calculations of Re´nyi entropy,
each of which was motivated by a distinct approach to calculating in the boundary
CFT. We would now like to compare the latter two approaches and in fact, with closer
examination, we find that they are closely related. To begin let us consider eq. (3.3)
where one evaluates tr [ρ qV ] = Zq/Z
q
1 . Here Zq denotes the path integral of the q-fold
replicated theory on the orbifold generated by the insertion of twist operators. The
factor of Z1 is simply the vacuum partition function of the original theory, which is
used to normalize the result. Now we consider eq. (1.8) where one instead evaluates
tr[ ρ qV ] = Z(T0/q)/Z(T0)
q. Here the factor Z(T0) corresponds again to the vacuum
partition function, however, the conformal transformation introduced in [9] allows it
to be interpreted as a thermal partition function. Hence it is natural to also associate
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the numerators in both of these expressions. That is, the thermal partition function
Z(T0/q) should be equivalent to Zq in the previous calculation. Further just as the
path integrals which define Z1 and Z(T0) are related by a conformal transformation, it
is natural to expect that the same should hold for Zq and Z(T0/q).
In fact, it is straightforward to establish these relations. Since the calculation with
twist operators in section 3.1 explicitly referred to d = 2, we start our discussion there.
The thermal partition functions with be defined by a path integral over the CFT on a
Euclidean background
ds2 = dt2
E
+ du2 , (4.1)
where the Euclidean time coordinate is periodic with period ∆tE = q/T0 = 2πR q
and u ∈ {−∞,∞}. Now for convenience, let us introduce the complex coordinate
σ = (u + itE)/R, which is then periodic along the imaginary axis with σ = σ + 2πi q.
We can map the σ-cylinder to the flat z-plane with the conformal transformation:
z = exp[σ/q]. Note that we have included the factor of 1/q in the exponent to ensure
that this mapping is one-to-one between the σ-cylinder and the z-plane. However, let
us now combine this transformation with eq. (3.4) which relates z and ω in the twist
operator calculation. The combined transformation becomes
eσ =
ω − v1
ω − v2 (4.2)
Naively, this mapping is independent of q, however, we must remember that there
is an implicit q dependence in the periodicity of σ. Therefore, this transformation
(4.2) provides a conformal mapping from the (u, tE)-cylinder, which defines the thermal
partition function at temperature T = T0/q, to the q-fold universal cover of ω-plane,
which defines the partition function with twist operators at ω = v2 and ω = v1. Of
course, with the choice q = 1, we simply have a one-to-one mapping from (u, tE)-cylinder
to the ω-plane. Hence in general, we may equate Zq = Z(T0/q) and Z1 = Z(T0) because
the underlying CFT path integrals are simply related by conformal transformations.
Having made the desired identifications in d = 2, let us now turn our attention
to higher dimensions. As noted above, it seems straightforward to extend the replica
trick to higher dimensional theories. However, this yields a rather formal definition of
twist operators for higher dimensions and in practice beyond d = 2, the construction
(and properties) of these operators is not well understood — however, see [26, 40]. In
d dimensions, a twist operator σq would be some (d− 2)-dimensional surface operator
which again introduces a branch cut in the path integral over a q-fold replicated theory.
Note that for d > 2, we would not have distinct operators σ±q to open and close the
branch cuts. For example, in the problem of interest, the entangling surface is an Sd−2
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and so there would be a single operator σq which resides on this surface to open a
branch cut over the ball on the interior.
Having introduced the notion of a twist operator for d > 2, let us proceed with
the consideration of Z(T0/q). In fact, the conformal mapping analogous to eq. (4.2)
is discussed in [9]. However, the discussion is presented for Minkowski signature back-
grounds and so we adapt their analysis to Euclidean signature. With Z(T0/q) in d
dimensions, we are considering a thermal ensemble at temperature T = T0/q on the
background R×Hd−1. The partition function can be evaluated by path integral on the
Euclidean background S1 ×Hd−1
ds2 = dτ 2
E
+R2
(
du2 + sinh2u dΩ2d−2
)
, (4.3)
where the Euclidean time coordinate has period ∆τE = q/T0 = 2πR q. In the following,
it will be convenient to introduce complex coordinates:
σ = u+ iτE/R and ω = r + itE . (4.4)
The latter will be used to describe a conformally mapped geometry below. Note that
both u and r are radial coordinates, we must have Re(σ) = u > 0 and Re(ω) = r > 0.
Now, with the first of these new coordinates, the above metric (4.3) can be written
ds2 = R2
(
dσ dσ¯ + sinh2
(
σ + σ¯
2
)
dΩ2d−2
)
. (4.5)
Now we make the coordinate transformation
e−σ =
R− ω
R + ω
. (4.6)
Since we are considering d ≥ 3 there is no guarantee that this holomorphic change of
coordinates will result in a conformal transformation. However, one can readily verify
the above metric (4.5) becomes
ds2 = Ω2
[
dω dω¯ +
(
ω + ω¯
2
)2
dΩ2d−2
]
= Ω2
[
dt2
E
+ dr2 + r2 dΩ2d−2
]
(4.7)
where
Ω =
2R2
|R2 − ω2| . (4.8)
Hence, after eliminating the conformal factor Ω2 in the second line of eq. (4.7), we
recognize that the final line element is simply the metric on d-dimensional flat space
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Rd. However, we must again pay special attention to the identification of the σ. In
particular, since ∆τE = q/T0 = 2πR q, we must identify σ = σ + 2πi q. Therefore the
transformation (4.6) actually maps the original background S1×Hd−1 to a q-fold cover
of Rd with an orbifold singularity on precisely the (d− 2)-dimensional sphere given by
r = R. Hence evaluating the path integral on the new geometry would yield precisely
the partition function Zq of a q-fold replicated theory with an S
d−2 twist operator
inserted at r = R. Hence as long as we are considering a conformal field theory, we
may equate Zq = Z(T0/q) because the path integrals are simply related by a conformal
transformation. Of course, with the choice q = 1, we again have a simple one-to-one
mapping from S1 ×Hd−1 to Rd.
Turning now to our holographic calculations, we evaluate the partition functions
above in the semi-classical approximation by evaluating the on-shell gravitational action
for a particular saddle-point. For both Z1 and Z(T0), the corresponding saddle-point
is simply the AdS vacuum evaluated with a conventional UV regulator. The latter
description applies equally for d ≥ 3 or for d = 2. In the case of d = 2, the saddle-
point corresponding to Zq and Z(T0/q) is again AdS3 but an unconventional choice of
regulator surface is chosen, as discussed in section 3.3. Now in higher dimensions (i.e.,
with d ≥ 3), the saddle-point dual to Z(T0/q) is a topological black hole (2.1) with an
appropriately chosen horizon temperature. This highlights a basic difference for higher
dimensions. In d = 2 any boundary metric is (locally) conformally flat and so the cor-
responding bulk is always just AdS3. In higher dimensions, we can rarely transform to
a flat metric and so generically our bulk will not just be the AdSd+1 vacuum. Rather in
higher dimensions, we have to find new smooth solutions of the gravitational equations
with appropriate boundary conditions. In particular, to evaluate Zq, we would want a
new bulk solution where the conical singularity introduced by the twist operator arises
only at the boundary, i.e., it would only appear in the induced metric on UV regulator
surface, as discussed in section 3.3. Now in principle, the black hole geometries provide
precisely the desired bulk space and one is only required to make a coordinate transfor-
mation in the bulk which would implement the conformal transformation (4.6) on the
boundary. Unfortunately, this still seems to be quite a challenging exercise. However,
it does appear to be less formidable than constructing the bulk geometry without the
insight of equating Zq = Z(T0/q).
4.1 Twist operators and Black holes
In this section, we wish to apply the insights above to our holographic models in
section 2. In particular, we will use our holographic calculations to evaluate the scaling
dimension of the twist operators for the boundary theory in general dimensions.
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As a warm-up exercise, we will apply holography to reproduce the expression (3.11)
for the total scaling dimension of twist operators in a two-dimensional CFT. In the
case of d = 2, eqs. (2.1) and (2.13) describe a black hole solution for three-dimensional
Einstein gravity
ds2 = −r
2 − r2
H
R2
dt2 +
L2 dr2
r2 − r2
H
+
r2
R2
duˆ2 , (4.9)
where we have modified slightly the normalization of the spatial coordinates. With
d = 2, rather than a hyperbolic geometry, the spatial CFT geometry is simply a line
and so we have chosen a normalization such that the boundary metric (2.2) becomes
simply ds2∞ = −dt2+duˆ2. Note that with d = 2, the formula for the temperature (2.17)
simplifies to T = T0 x where T0 = 1/(2πR) and x = rH/L as was used throughout
section 2. As is already evident from these expressions, the solution of eq. (2.19) is
simply xq = 1/q. Now we should note that this solution (4.9) is nothing other than
the spinless BTZ black hole [57] but without any orbifolding along the spatial direction
to preserve the noncompact boundary. Without the latter orbifolding, it is also true
that this solution is simply AdS3 space written in unconventional coordinates. Before
proceeding further, it is convenient to go to Euclidean signature with which the three-
dimensional black hole metric becomes
ds2 = L2
dr2
r2 − r2
H
+
r2 − r2
H
R2
dt2
E
+
r2
R2
duˆ2 . (4.10)
Now adapting well-known results for the BTZ black hole [48], we use the following
bulk coordinate transformation to take this Euclidean black hole metric back into the
Poincare´ metric (3.24):
z =
√
r2 − r2
H
r
exp
[
x
(
uˆ+ itE
R
)]
, ξ =
rH
r
exp
[
x
uˆ
R
]
, (4.11)
where as before x = rH/L. The following is simplified by using a the complex coordinate
σ = (u+itE)/R, which was introduced in the previous section. Note that if we substitute
x = 1/q in eq. (4.11), then in the boundary limit, i.e., with r →∞, z ≃ exp[σ/q] and
so this bulk coordinate transformation (4.11) implements the first conformal mapping
considered in the previous section.
For our present purposes, the essential information provided by the black hole
solution is the thermal energy density, which can be read off with the conventional
holographic map
Tσσ(T ) =
π
12
c T 2 . (4.12)
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Now the conformal map between the σ and ω coordinates is given above by eq. (4.2).
Hence the stress tensor is mapped between these two conformal frames as
Tωω = σ
′(ω)2 Tσσ(T0/q)− c
24π
{σ, ω}
= − c
48π
(
1− 1
q2
)
(v2 − v1)2
(ω − v2)2(ω − v1)2 . (4.13)
Hence we have reproduced the expected result for the correlator of the stress tensor
with a pair of twist operators, as given in eq. (3.7). Hence following the same logic
presented in section 3.1, we can infer that the scaling dimension of the twist operators
is given by eq. (3.11).
Before concluding, let us comment on the anomalous contribution given the Schwarzian
in eq. (4.13). Recall that in general the Schwarzian is given by eq. (3.8) and so depends
only on the form of the coordinate transformation. If we evaluate this expression for
the present transformation (4.2), we note that it can be expressed as
{σ, ω} = 24π c σ′(ω)2 Tσσ(T0) . (4.14)
One can also infer this relation because if we insert q = 1 into eq. (4.13), the result
vanishes.
Now we would now like extend the previous discussion, which focussed on d = 2 and
used the three-dimensional bulk black hole (4.9), to higher dimensions and determine
hq for the general holographic models of section 2. As background for this analysis
in higher dimensions, we first consider the following result which would apply for any
CFT: Imagine making an insertion of the stress tensor in the presence of a planar
twist operator σq. Let us describe the R
d background with Cartesian coordinates
xµ = {xi, i = 0, 1; xa, a = 2, . . . , d−1}. The (d−2)-dimensional twist operator will be
positioned at x0 = 0 = x1 while it extends throughout all of the xa directions. We insert
the stress tensor at xµ = {αi, βa} and define α = √(α1)2 + (α2)2. Then symmetry12
dictates that the singularity in the corresponding correlator takes the following form
〈Tab σq〉 = −hq
2π
δab
αd
, 〈Tai σq〉 = 0 ,
〈Tij σq〉 = hq
2π
(d− 1)δij − d ni nj
αd
. (4.15)
12The translation and rotation symmetries dictate the basic geometric structure in the following and
the relative normalization of various contributions is fixed by imposing 〈T µµ σq〉 = 0 = ∇µ〈Tµν σq〉.
Let us also note here that the correlators in eq. (4.15) are implicitly normalized by dividing out by
〈σq〉 but we left this implicit to avoid the clutter.
– 38 –
where ni = αi/α is the unit vector point directed orthogonally from the twist operator
to the Tµν insertion. These correlators (4.15) define the coefficient hq which is commonly
called the scaling dimension of σq, since its appearance here is analogous to that of the
scaling dimension of a local primary operator. We are assuming that Tµν corresponds
to the total stress tensor for the entire q-fold replicated CFT, i.e., Tµν is inserted on
all q sheets of the universal cover. Then if one reduces these expressions to d = 2, one
finds that the present definition for hq matches precisely with those given in section
3.1. Hence for d = 2, hq is the total scaling dimension given in eq. (3.11).
As noted above, the essential information that we must extract from the topological
black holes is the stress-energy of the thermal ensemble on R × Hd−1 or rather the
Euclidean CFT lives on the background S1 ×Hd−1. However, on general grounds, we
know the expectation value of the stress tensor is restricted to take the form
T µν = diag(−E , p, · · · , p) , (4.16)
with E and p constants — this form is independent of the choice of either Minkowski or
Euclidean signature. Further for a conformal field theory the trace of this expression
must vanish13 and so in eq. (4.16), we will find
p = E/(d− 1) . (4.17)
In particular then, we will use the black hole solution in higher dimensions to determine
the energy density E(T ).
To connect this thermal energy density to the correlator with the twist operator,
we must conformally map the S1 × Hd−1 background to flat metric on Rd using the
transformation in eq. (4.6). As discussed above, when the temperature is tuned to
T = T0/q, this mapping actually takes the original background to a q-fold cover of R
d
with an orbifold singularity on the sphere given by r = R. Now in higher dimensions,
a conformal mapping transforms the stress tensor as
Tαβ = Ω
d−2 ∂X
µ
∂xα
∂Xν
∂xβ
(
Tµν(T0/q)−Aµν
)
, (4.18)
where µ, ν and α, β denote indices on the flat geometry and S1 × Hd−1, respectively.
Since the stress tensor is not a primary operator, in general, the transformation (4.18)
13One may worry that for even d that the trace anomaly will lead to a nonvanishing trace. However,
one can readily verify that in fact the trace anomaly vanishes for the background geometry R×Hd−1.
In particular, note that the Euler density vanishes because the background is the direct product of
two lower dimensional geometries. Further this background is conformally flat and so any conformal
invariants also vanish.
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includes an anomalous contribution, which we denoted Aµν . This contribution is the
higher dimensional analog of the Schwarzian appearing in eq. (4.13). Again we note
that this anomalous term depends entirely on the form of the transformation. Hence
it can be fixed by observing that with q = 1, eq. (4.6) actually yields a one-to-one
mapping from S1 × Hd−1 to Rd. In the absence of any singularities, i.e., without the
insertion of a twist operator, Tαβ is simply the vacuum expectation value of the stress
energy in Rd and hence it must vanish. Since the left-hand side of eq. (4.18) vanishes
with q = 1, we must have Aµν = Tµν(T0). Hence the transformation (4.18) becomes
Tαβ = Ω
d−2 ∂X
µ
∂xα
∂Xν
∂xβ
(
Tµν(T0/q)− Tµν(T0)
)
, (4.19)
Recall that the required conformal factor Ω is given in eq. (4.8).
Now the conformal mapping (4.6) generates a spherical twist operator while scaling
dimension hq was defined by the correlator with a planar twist operator. However, if
the insertion of the stress tensor approaches very close to the spherical twist operator,
the leading singularity will take the form given in eq. (4.15). Hence we can still easily
identify hq in this limit. To simplify the analysis, we will consider evaluating Tαβ at
tE = 0 and r = R−α with α≪ R (as well as some fixed angles). With this choice, one
finds that various relevant expressions simplify. For example, from eq. (4.8), we find
Ω ≃ R/α and using eq. (4.6), we can show that ∂u
∂tE
≃ 0 and ∂τE
∂tE
≃ R/α. Given the
last two expressions, one finds that evaluating eq. (4.19) for α = tE = β yields
TtEtE = Ω
d−2
(
∂τE
∂tE
)2 (
TτEτE(T0/q)− TτEτE(T0)
)
+ · · ·
=
(
R
α
)d (
E(T0)− E(T0/q)
)
+ · · · . (4.20)
Now this result should be compared to the i = tE = j component in eq. (4.15), i.e.,
〈TtEtE σq〉 = −hq (d − 1)/(2π αd). However, we note that the latter expectation value
involves the total stress tensor for the entire q-fold replicated CFT. However, it is clear
that eq. (4.20) corresponds to an insertion of Tµν in a single sheet of the universal cover
and hence we must multiply by an extra factor of q to compare the two expressions.
The final result is
hq = 2π
q Rd
d− 1
(
E(T0)− E(T0/q)
)
(4.21)
We are now almost ready to evaluate these weights for the holographic models
considered in section 2. The simplest way to connect the above expression to the
results in this section is to use the first law of thermodynamics, i.e., dE = T dS. Then
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one may write
E(T0)− E(T0/q) = 1
Rd−1VΣ
∫ 1
xq
T (x)
dS
dx
dx (4.22)
=
1
Rd−1VΣ
(
T0 S(T0)− T0
q
S(T0/q)− q − 1
q
T0 Sq
)
.
Here we have used E = E/(Rd−1VΣ) to define the energy density on the hyperbolic
plane Hd−1. The second expression is derived by integrating by parts in the first line
and substituting eq. (2.6) for the remaining integral. Combining eqs. (4.21) and (4.21)
then yields
hq =
1
(d− 1) VΣ ( q S(T0)− S(T0/q)− (q − 1)Sq) , (4.23)
where we have simplified the pre-factor above using T0 = 1/(2πR).
Hence we may now apply our results in section 2 to calculate the scaling dimension
hq. First using the expressions of Einstein gravity in section 2.1, we find
hq = π
(
L
ℓP
)d−1
q xd−2q (1− x2q) , (4.24)
where xq is related to q through eq. (2.19). Next using the results of section 2.2, we
have for the boundary CFT’s dual to GB gravity in arbitrary dimensions
hq =
1
4
Γ
(
d
2
)
π1−
d
2 q xd−4q (x
2
q − 1)
(
(d− 3)(x2q − 1) a∗d + (d− 3− (d+ 1)x2q) C˜T
)
(4.25)
where xq is now given by eq. (2.39). Interestingly, we find tremendous simplicity in the
q → 1 limit:
∂qhq|q=1 = 2
d− 1 π
1− d
2 Γ (d/2) C˜T . (4.26)
Repeating the calculation once more for quasi-topological gravity with d = 4, using the
formulae from section 2.3, we find that hq has a complicated dependence both central
charges, a and c, as well as t4:
hq =
q a
4πx2q
(x2q − 1)
(
x4q
(
1− 5 c
a
− 10 c
a
t4
)
− x2q
(
1− c
a
− 8 c
a
t4
)
+ 2
c
a
t4
)
(4.27)
where eq. (2.57) determines the value of xq. Nevertheless, we once again notice that
the derivative ∂qhq|q=1 is simply proportional to the central charge c and independent
of a and t4:
∂qhq|q=1 = 2 c
3π
, (4.28)
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which matche precisely with eq. (4.26) for GB gravity with d = 4.
Hence in general, these scaling weights have a complicated nonlinear dependence
on the various parameters characterizing the boundary theory, including t4 in the last
example. Note that although the result in, e.g., eq. (4.25) appears linear in both C˜T
and a∗d, since xq is determined as the root of eq. (2.39), it introduces a complicated
nonlinear dependence on these parameters. However, we find a remarkable simplifica-
tion in evaluating ∂qhq in the limit q → 1 with the result being proportional to the
central charge C˜T .
14 This is somewhat analogous to the simplification found for the
Re´nyi entropy in this limit, i.e., the entanglement entropy S1 has a simple form being
proportional to the central charge a and independent of any other CFT parameters.
5. Eigenvalue Spectrum
In this section, we begin to explore what information can be inferred about the eigen-
value spectrum of the reduced density matrix using our holographic results for the Re´nyi
entropy. Of course, having access to all of the Re´nyi entropies Sq for arbitrary q gives
us far more information about this spectrum than is contained in the entanglement
entropy S1 alone. In fact, it was shown in [49] that the full spectrum of eigenvalues can
be calculated by knowing tr[ ρ qV ] for only integer q.
First let us recall that the limit of infinite q yields
S∞ = lim
q→∞
Sq = − log λ1 , (5.1)
where λ1 is the largest eigenvalue of ρV . This result is usually discussed in the context
of a quantum mechanical system with a discrete spectrum. In the present context, we
are studying holographic CFT’s and so can expect there may be various complications.
First of all, we are evaluating the entire expression Sq above, i.e., this expression does
not apply for the universal contribution to Sq. Hence we must think of Sq for the
boundary CFT in the explicit presence of the short distance cut-off δ, Hence Sq is
dominated by the leading contribution in VΣ, which for d > 2 is proportional to A/δd−2
where A is the area of the entangling surface. Therefore eq. (5.1) indicates that the
largest eigenvalue (and hence all the eigenvalues) are approaching zero with
λ1 ∝ exp[−const.× a∗d ×A/δd−2] (5.2)
as δ → 0. Of course, our results indicate that the (positive) constant prefactor in
the exponent above will in general have a complicated dependence on various CFT
14Of course, by itself, the scaling dimension vanishes in the limit q → 1, i.e., h1 = 0, since there is
no twist operator at q = 1.
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parameters. However, we have explicitly included the factor a∗d to remind ourselves
that even with a fixed cut-off δ, the exponent is large in the classical gravity limit
since it grows with the central charge a∗d. For example, in the well-known case where
the boundary CFT is d = 4 super-Yang-Mills, this factor grows like N2c . While this
holographic result may seem rather counter-intuitive, we find an analogous result in
computing Sq for free fields living on a hyperbolic waveguide geometry [50].
To proceed further, we will consider expanding the Re´nyi entropy for large q. As
a warm-up exercise, let us assume that the eigenvalue spectrum is discrete, in which
case we have
Sq =
1
1− q log tr[ ρ
q
V
]
=
1
1− q log [d1λ
q
1 + d2λ
q
2 + · · · ] . (5.3)
In the second line, we have an explicit sum over the eigenvalues λi of the density matrix
but we also allow the various eigenvalues to be degenerate with multiplicity di. Now
with large but finite q, we can expand the last expression as
Sq ≃ −1
q
(
1 +
1
q
)[
q log λ1 + log d1 + log
(
1 +
d2
d1
(
λ2
λ1
)q)]
≃ − log λ1 − 1
q
log (d1λ1) +O
[
1
q2
,
1
q
(
λ2
λ1
)q]
(5.4)
In this case, the next-to-leading term at order 1/q tells us about the degeneracy d1 of
the largest eigenvalue. Note also, that this large-q expansion contains contributions of
the form 1
q
(
λ2
λ1
)q
, which are nonanalytic in 1/q.
Let us now evaluate λ1 and d1 from large-q expansion of the holographic Re´nyi
entropy in the simplest case of Einstein gravity discussed in section 2.1. From eqs. (2.19)
and (2.20), we have
xq = x∞ +
1
d q
+O
( 1
q2
)
,
Sq = 2πVΣ
(
L
ℓP
)d−1 [(
1− d− 1
d− 2 x
d
∞
)
+
1
q
(
1− d− 1
d− 2 x
d
∞
− xd−1
∞
)
+O
( 1
q2
)]
,(5.5)
where x∞ =
√
d(d− 2)/d. In particular, this means that
λ1 = exp
[
−2πVΣ
(
L
ℓP
)d−1 (
1− d− 1
d− 2 x
d
∞
)]
, d1 = exp
[
2πVΣ
(
L
ℓP
)d−1
xd−1∞
]
.
(5.6)
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Note that the factor of (L/ℓP)
d−1 in the second exponent indicates the degeneracy d1
is also growing as an exponential of the central charge of the boundary CFT. In the
following, we show that the value of d1 is related to the degeneracy of the ground state
of CFT on R × Hd−1. It is interesting to note that for d = 2, the above holographic
result states that d1 = 1. The same result follows from the general form (1.5) of the
Re´nyi entropy for d = 2 CFT’s since the leading coefficient precisely matches that for
the 1/q term. We also note that the latter result implies that the expansion of the Re´nyi
entropy (5.4) for d = 2 terminates at order 1/q. This will imply certain constraints on
the structure of the spectral function, which in turn will allow us to evaluate it.
A further observation is that our holographic result yields an expansion (5.5) which
appears to be completely analytic in the limit of large q.15 In contrast, the general
expansion in eq. (5.4) contains nonanalytic terms. However, it seems that the latter
are a consequence of our simplifying assumption that the spectrum is discrete. Hence,
instead one can consider the density matrix to have a smooth distribution d(λ) of
eigenvalues and then the Re´nyi entropy would become
Sq =
1
1− q log
[∫ λ1
0
dλ d(λ) λq
]
. (5.7)
While we leave the details as an exercise to the reader, one can easily show that this
ansatz also leads to nonanalytic contributions in the large-q expansion. Hence we are
led to conclude that the eigenvalue spectrum must have both smooth and discrete
components, i.e., d(λ) must contain delta-functions supported on a discrete set of
eigenvalues.
To provide evidence for the above structure and to facilitate further analysis, we
continue by examining the spectral structure of the density matrix ρV from the ther-
modynamic perspective, which is succinctly encoded in eq. (1.9). We will assume that
there are no phase transitions in the system under consideration and so the free energy
and its derivatives are continuous functions of the temperature T . Expanding eq. (1.9)
near q =∞ and using the thermodynamic identity F ′(T ) = −S(T ) then yields
Sq = −F (T0)− F (0)
T0
− 1
q
(
F (T0)− F (0)
T0
+ S(0)
)
− 1
q2
(
F (T0)− F (0)
T0
+ S(0)− 1
2
T0F
′′(0)
)
+O(1/q3) (5.8)
Again the leading term yields − log λ1 and so we have
λ1 = exp
[
F (T0)− F (0)
T0
]
=
e−E1/T0
Z(T0)
, (5.9)
15Note that this may be an artifact of the limit of large central charge, i.e., the large Nc limit, in
the boundary CFT.
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where E1 is the energy of the ground state. That is, from the thermal perspective, we
see that λ1 is indeed the largest eigenvalue of the thermal density matrix of the CFT
at temperature T0 on R × Hd−1. Of course, this result is in complete agreement with
the statement that there is a one-to-one correspondence between the eigenvalues and
their degeneracies of the reduced density matrix ρV and the thermal density matrix.
Indeed, comparing to eq. (5.4), we next extract
log d1 = S(0) (5.10)
from the term of order 1/q in eq. (5.8). That is, the degeneracy d1 of the largest eigen-
value λ1 equals to the degeneracy of the ground state of the thermal CFT. Substituting
these identifications in eq. (5.8), we find entropy. Hence,
Sq = − log λ1 − 1
q
log(d1λ1)− 1
q2
(
log(d1λ1)− 1
2
T0F
′′(0)
)
+O(1/q3) . (5.11)
Again we observe that the expansions in eqs. (5.8) and (5.11) will be analytic in
1/β = T0/q as long as the free energy is analytic in the vicinity of vanishing tempera-
ture. Given our previous analysis, this again points to a distribution of eigenvalues that
has both smooth and discrete components. Note that from the thermal perspective,
it is natural to think in terms of energy eigenvalues and the thermodynamic spectral
function ρ(E). Hence let us consider an ansatz where ρ(E) contains delta functions
supported on some discrete set of energies {Ei, i = 1, ..., imax} as well as a smooth
continuous distribution, i.e.,
Z(β) =
imax∑
i=1
di e
−βEi +
∫
∞
E0
ρ(E)e−βEdE , (5.12)
where ρ(E) is the smooth component of the spectral function and {di, i = 1, . . . , imax}
are the degeneracies of the discrete eigenvalues Ei. Without loss of generality, we
are assuming the smooth component has support down to some E0 with E0 ≥ E1.
Note also that ρ(E0) 6= 0, since otherwise the free energy will be nonanalytic in the
neighbourhood of T = 0 and thus contradicts our holographic result.
Expanding in 1/β, yields to leading order
F (β) = − 1
β
logZ(β) = E1 − 1
β
log d1 + ... (5.13)
This expansion agrees with (5.8) and in particular, as claimed before S(T = 0) = log d1.
Furthermore, if we expand to higher orders in the vicinity of T = 0, we will encounter
corrections proportional to e−β(Ei−E0)/β with i > 1, which are again nonanalytic in
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1/β. While this sort of correction does not contradict any thermodynamic reasoning
and it would seem to indicate that the free energy is nonanalytic in the neighbourhood
of T = 0 (or equivalently q = ∞). However, this would conflict with our holographic
result, where only inverse powers of q, or alternatively β, are present in the expansion.
Hence we proceed by investigating the consequences of demanding that these corrections
are absent in keeping with holography. In particular, one immediate consequence is that
imax = 1, namely there is only one delta function supported on the ground state of the
CFT. Similarly, one can show that analyticity of Sq near q =∞ (i.e., our holographic
restriction) requires E0 = E1 as well as analyticity of ρ(E) in the vicinity of the ground
state E = E1.
Combining altogether, we have for the density of states
ρ(E) = d1 δ(E − E1) + ρ(E) , (5.14)
with ρ(E) being analytic at E1. Then expanding the resulting free energy for large β
then yields
F (β) = − 1
β
logZ(β) = E1 − 1
β
log d1 − 1
β
log
(
1 +
1
d1β
∞∑
n=0
ρ(n)(E1)
βn
)
. (5.15)
Comparing this result to eq. (5.11), we find by comparing the terms of order 1/q2:
F ′′(0) = −2 ρ(E1)
d1
. (5.16)
Recall the thermodynamic identity F ′′(T ) = −Cv/T where Cv is the heat capacity.
Hence the this implies a finite limit limT→0Cv/T if ρ(E1) is nonvanishing. Substituting
this result for the free energy (5.15) into eq. (1.9), we would find the large-β expansion
of the Re´nyi entropy. Then we could expand our holographic results for Sq in e.g.,
eq. (2.38) around q =∞ and by comparing with the two expansions, we can reconstruct
the spectral function ρ(E) in the neighbourhood of the ground state E = E1.
Let us consider the case of d = 2 (holographic) CFT’s. In this case, the hyperbolic
plane reduces to an infinite line and the free energy of the field theory is given by
F (T ) = − c
6
T 2
T0
log(2R/δ) . (5.17)
To get this result, one merely notes that for d = 2, the Euclidean background S1×R can
be conformally mapped to the infinite flat plane, as discussed in section 4. Therefore
bearing in mind that the field theory is conformal, we deduce F ∼ T 2VΣ(d = 2) ∼
T 2 log(2R/δ) and the proportionality constant is fixed by requiring the thermal entropy
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derived from this expression to be equal the entanglement entropy, S1. Comparing this
expression with (5.15), yields
d1 = 1, ρ
(n)(E1) =
ρn+10
(n+ 1)!
for n ≥ 0 , (5.18)
where
ρ0 =
c
6T0
log(2R/δ) . (5.19)
Combining these results yields a simple spectral function:
ρ(E) = δ(E − E1) + θ(E −E1) ρ0√
ρ0(E − E1)
I1(2
√
ρ0(E − E1)) . (5.20)
where I1 is a modified Bessel function.
We observe that eq. (5.14) exhibits the same form as found in [49] from general
considerations of the entanglement spectrum for two-dimensional CFT’s. Let us review
their analysis. In equation (5.7), one could consider the Re´nyi entropy as related to the
Laplace transform of the spectral function d(λ), with q acting as the Laplace parameter.
i.e.,
e(1−q)Sq =
∫ λ1
0
dλ d(λ)λq =
∫
∞
E1
dE e−E(q+1) d(e−E), (5.21)
where we have made the change of variables λ = e−E . Note that comparing with (5.9),
E is related to energy measured in the hyperbolic space by E = E/T0 + lnZ(T0), and
E1 = E1/T0+lnZ(T0). Given Sq, therefore, one could consider inverting the expression
via an inverse Laplace transform:
d(e−E) =
1
2πi
∫ γ+i∞
γ−i∞
dq e(1−q)SqeqE , (5.22)
where γ is suitably chosen for the convergence of the integral. This has been considered
in [49]. The complete spectral function for the Re´nyi entropy (2.24) is given by
d(λ) = δ(λ1 − λ) + bθ(λ1 − λ)
λφ
I1(2φ) ,
φ =
√
b ln(λ1/λ) , b = − lnλ1. (5.23)
Hence we can see that there is full agreement between this result and eq. (5.20).
In higher dimensions, one can consider pursuing the same exercise. However, given
the increased complexity of the expression for Sq, we would satisfy ourselves with an
asymptotic expression, where λ = exp(−E) ≪ 1 or E ≫ 1. In which case, we can
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approximate the integral via the saddle-point approximation. The effective Lagrangian
in the integral (5.22) for Einstein gravity is given by
L = qE − (q − 1)Sq = qE − πqVΣ
(
L˜
ℓP
)d−1
(2− xd−2q (x2q + 1)). (5.24)
The saddle point is difficult to solve for general d, but can be worked out easily for
explicit values of d.
Checking the results for d = 4, we find
d(λ = e−E) ∼
√
π31/8
e2Λ
1
4 (E
3
)
3
4
2E 58Λ 18 . (5.25)
where we have Λ = πVΣ
(
L˜
ℓP
)d−1
. Combining the results at d = 2, this fits into the
pattern of
d(λ = e−E) ∼ exp(E
(d−1)/d)
E (d+1)/2d . (5.26)
The power dependence of E in the exponential is exactly what is expected of the spectral
density of a conformal field theory in flat space. Since we are in some high energy limit,
the background curvature becomes irrelevant which thus leads to the same behavior.
It would be interesting to find out whether field theories in higher dimensions display
the same degree of universality as in two dimensions[49].
6. Discussion
We have presented several new results in this paper. The first was an extension the
approach of [9] for calculating entanglement entropy to a new approach to calculate the
Re´nyi entropy of a general CFT in d dimensions with a spherical entangling surface.
This new calculation evaluates the Re´nyi entropy in terms of certain thermal partition
functions of the CFT on the background R × Hd−1. While this result is independent
of holography, this calculation has a simple holographic translation to a gravitational
calculation in the context of the AdS/CFT correspondence. Hence we applied this
approach to calculate the Re´nyi entropy for variety of holographic models in section
2. Our results, e.g., in eqs. (2.38) and (2.56), indicate that the Re´nyi entropy in
higher dimensions is a complicated nonlinear function of the central charges and other
parameters which characterize the CFT. We emphasize that the latter result should
be expected to apply beyond holographic CFT’s. That is, since no simple universal
formula appears in our holographic results, we should not expect any simplification in
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general. The fact that more data than the central charges enters the Re´nyi entropy for
a spherical entangling surface in higher dimensions is perhaps not so surprising. Even
in two dimensions, if we consider two separate intervals calculating the Re´nyi entropy
requires detailed information about the full spectrum of the corresponding CFT [51].
In section 4, we elucidated the relation between this new thermal calculation and
a conventional calculation of the Re´nyi entropy where a twist operator is inserted on
the spherical entangling surface. Here one begins with the thermal path integral on
the Euclidean background S1×Hd−1 where the period of the circle is given by q/T0. If
we choose q to be a positive integer, the Euclidean version of the conformal mapping
employed in [9] takes this background to a q-fold cover of flat space Rd with an orbifold
singularity on a sphere of radius R with an angular excess of 2π(q−1). This relation also
allowed us to calculate the conformal scaling dimension of the twist operator. The latter
was expressed in terms of the energy density of the thermal ensemble in eq. (4.21) or in
terms of the thermal entropy and the corresponding Re´nyi entropy in eq. (4.23). Again
these results do not depend on holography, however, the analysis is easily translated to
a gravitational calculation using the AdS/CFT correspondence. Hence we calculated
hq for the various holographic models introduced in section 2. Again, in general, the
result was found to be a complicated nonlinear expression written in terms of the central
charges, as well as other parameters in the CFT. However, we observed a remarkable
simplification upon considering the expression ∂qhq|q=1, which is given by simply the
central charge C˜T appearing in the two-point function of the stress tensor. We should
add that our calculations here have a strong similarity to those appearing in [52]. The
latter analyzed holographic conformal field theory in de Sitter space but at an arbitrary
temperature which need not match that of the cosmological horizon.
An interesting consequence of eq. (1.10) is that all of the Re´nyi entropies calculated
for a spherical entangling surface in a d-dimensional CFT exhibit the same divergence
structure as the corresponding entanglement entropy. These UV divergences arise from
the integral over the same (infinite) hyperbolic geometry in all cases and were encap-
sulated by the factor VΣ given in eq. (2.10). While in general the individual power law
divergences are sensitive to the details of the regulator in the CFT, we also identified
a universal contribution (2.11) in this expression. However, if one calculates all of the
Re´nyi entropies with a certain fixed regulator, it should be that one can consider the
ratio Sq/S1 which remains finite in the limit δ → 0. In this limit, the ratio is determined
by the coefficients of the leading power law divergent terms and hence their ratio yields
universal information characterizing the CFT. However, since the entire regulator de-
pendence of Sq factors out as VΣ, this ratio will not contain any new information aside
from the coefficients already identified in the universal contributions in the individual
Sq.
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While our results indicate that the Re´nyi entropy in higher dimensions is a com-
plicated nonlinear function of the various parameters characterizing the CFT, it is
interesting that when we explicitly plot Sq as a function of, e.g., c/a in figure 2a or t4
in figure 4a, the results appear to be essentially linear in these parameters over the phys-
ical regime. We examined the behaviour of Sq in more detail for the holographic model
with d = 4 and GB gravity in section 2.2. There we observed that the linearity cannot
continue to arbitrarily towards small c/a because we must have Sq/S1 < 1. However,
it seems that the nonlinear terms are suppressed for large c/a and in this regime, the
linear approximation of Sq/S1 is even better. One consequence is that eventually Sq/S1
becomes negative for sufficiently large c/a, which is clearly unphysical! However, as we
emphasized in our discussion in section 2.2, this unusal behaviour arises in a regime
where we already know that the holographic model has unphysical properties, e.g.,
violations of causality. Behaviour similar to that observed for d = 4 also appears for
d > 4 as well, as shown in figure 3. However, we note that for sufficiently large d (i.e.,
d > 7) we find that Sq/S1 can become negative within the physical regime defined in
eq. (2.34). As we will discuss elsewhere [53], it seems that this unusual behaviour can
be used to impose additional physical constraints on these holographic models with
interesting consequences.
Another remarkable simplification was observed in section 4.1. There again, the
scaling dimension hq in higher dimensions is found to be a complicated nonlinear func-
tion of the central charges and other parameters characterizing the CFT, however, in
the limit q → 1, ∂qhq is given by a very simple expression (4.26) for all of our holo-
graphic models and it is precisely proportional to C˜T . In fact, the simplicity of this
result strongly suggests that it should be a general result that applies beyond a holo-
graphic setting. That is, we conjecture that eq. (4.26) in fact holds for any CFT. Here
we comment on a possible physical consequence of this result. Generally, any even
dimensional surface operator will suffers from a Graham-Witten anomaly [54] and it
has been observed that the anomaly controls how the vacuum expectation value of the
operator scales under scaling transformations [41]. It is therefore a natural question to
ask whether the Graham-Witten anomaly is related to the generalized scaling dimen-
sion hq, when d is even, for the twist operators appearing in the present discussion. In
this context, the universal coefficient C of the logarithmic contribution to the entangle-
ment entropy is given by precisely the Graham-Witten anomaly [21, 37]. As explained
in the sections 3 and 4, the partition function Zq is given by the expectation value of
a twist operator σq inserted on the entangling surface. Hence we may write the Re´nyi
entropy as Sq = log〈 σq 〉/(1 − q). Hence in the limit q → 1, we identify the entangle-
ment entropy as S1 = −∂q log〈 σq 〉|q=1. Therefore, the universal coefficient C is equal
to the derivative with respect to q of the corresponding coefficient in the expectation
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value of the twist operator in the same limit. At d = 2, we can compare C with ∂qhq at
q = 1 and they coincide. In higher even dimensions, for a spherical entangling surface
in flat space, it is well known that C is proportional to the A-type central charge of the
conformal field theory [21, 37]. However, our holographic results (4.26) suggests that
∂qhq|q→1 is given instead by C˜T , which controls the two-point function of the stress
tensor, which is a distinct from the A-type central charge in higher dimensions. Hence
it seems that there is no simple relation between the generalized conformal dimension
and the Graham-Witten anomaly for twist operators in higher dimensions.
One important aspect of our holographic calculations of Re´nyi entropy was that
the bulk geometries of which we make use are nonsingular. As described in sections 3
and 4, the standard field theory calculation of Re´nyi entropy involves evaluating the
partition function on a singular orbifold background. The naive holographic translation
of this boundary calculation extends the orbifold singularity into the bulk spacetime
[13]. However, the resulting bulk geometry does not satisfy the classical gravitational
equations of motion precisely because of the presence of this singularity and so it seems
that without a full understanding of string theory or quantum gravity in the bulk, we
will not understand how to properly calculate with this bulk geometry. More impor-
tantly, it can be explicitly shown that the naive prescription suggested in [13] leads
to incorrect results for the Re´nyi entropy in certain instances [7]. The key step in our
approach was to find an alternative field theory calculation of the Re´nyi entropy involv-
ing a thermal partition function which had a simple holographic translation involving
hyperbolic black holes in the bulk spacetime and of course, the Euclidean versions of
these geometries are completely nonsingular. As stressed in section 3.3, one should be
able to perform a holographic calculation of the Re´nyi entropy by choosing the bound-
ary metric to match that on the orbifold appearing in the replica trick calculation and
finding a new smooth bulk geometry which properly solves the gravity equations. In
this approach, the conical singularities introduced by the twist operators would appear
only in the induced metric on UV regulator surface. Of course, as shown in section
4, our thermal approach and the standard replica trick calculation are simply related
by a conformal transformation. Hence in principle, the black hole geometries provide
precisely the desired nonsingular bulk solution for the problem where the boundary
metric matches that on the relevant orbifold. Of course, our holographic calculations
only strictly apply for a spherical entangling surface and so calculating the Re´nyi en-
tropy with more general entangling surfaces still presents a formidable challenge in
constructing the appropriate smooth bulk geometry.
An interesting observation in [7] was that although prescription of [13] using sin-
gular bulk geometries to calculate Sq led to incorrect results for general q, it still seems
that the correct entanglement entropy results in the limit q → 1. This correct result
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still relies on extending the boundary singularity into the bulk and so strictly speaking
the bulk geometry does not satisfy the correct equations of motion. However we note
that, in the q → 1 limit, the deviation from the on-shell geometry is infinitesimal. A
similar holographic calculation of the entanglement entropy in the case of a spherical
entangling surface was presented in [21] where again an infinitesimal singularity ap-
pears in the bulk. However, following the analysis of [56], it was emphasized that the
leading off-shell behaviour of this singularity is universal and hence the result for the
entanglement entropy is reliable. In particular, the entanglement entropy requires ex-
panding the gravity action only to linear order in the deviation from the on-shell value.
However, this linear deviation is proportional to the gravitation equations of motion
in the bulk. Hence the bulk term does not contribute and the non-trivial contribution
comes exclusively from the boundary. It seems that similar reasoning may apply for
the more general calculations in [13] so that the detailed extension of the singularity
into the bulk is irrelevant to the final result for the entanglement entropy. However, it
seems that one must still invoke some additional rotational symmetry about the bulk
singularity to properly justify this approach. As noted in [21], an analogous result
applies in calculations of black hole entropy where it is understood that the off-shell
approach [55] will generally yields the correct Wald entropy [16] for stationary black
hole solutions.
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A. Re´nyi entropy inequalities
In information theory, the Re´nyi entropy refers to a probability distribution with pi > 0
and
∑
i pi = 1 [10]. It follows that Sq must satisfy a variety of different inequalities
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[11]. In the following, we consider four such inequalities:
∂Sq
∂q
≤ 0 , (A.1)
∂
∂q
(
q − 1
q
Sq
)
≥ 0 , (A.2)
∂
∂q
((q − 1)Sq) ≥ 0 , (A.3)
∂2
∂q2
((q − 1)Sq) ≤ 0 . (A.4)
In particular, we will show that these inequalities are naturally satisfied by the en-
tropies found in our holographic calculations. Actually, these results do not rely on the
holographic framework but rather they follow from the relation which we established
in the introduction between the Re´nyi entropies for a spherical entangling surface and
the thermal ensemble on the hyperbolic cylinder R×Hd−1. Hence it follows that these
inequalities are satisfied for any CFT, as long as the thermal ensemble is stable, as we
will see below. First, let us recall the formula (1.10) relating the Re´nyi entropy and
the thermal entropy,
Sq =
q
q − 1
1
T0
∫ T0
T0/q
Sth(T ) dT , (A.5)
where T0 = 1/(2πR) as usual and Sth(T ) denotes the thermal entropy on R ×Hd−1.
If we begin by considering eq. (A.2), the expression on the right-hand side yields
∂
∂q
(
q − 1
q
Sq
)
=
1
q2
Sth(T0/q) . (A.6)
Hence the inequality (A.2) follows simply because the thermal entropy is a positive
quantity. Given that eq. (A.2) is satisfied, simple corollary that follows is Sq ≤ q/(q −
1)S∞ for q > 1 [7]. However, we note that it seems that the basic physical property
that Sth(T ) ≥ 0 can provide a nontrivial constraint on some of the holographic models
with higher curvatures — see the discussion in section 6.
Next turning to eq. (A.4), the right-hand side yields
∂2
∂q2
((q − 1)Sq) = −T0
q3
∂Sth
∂T
∣∣∣∣
T0/q
= − 1
q2
∂Eth
∂T
∣∣∣∣
T0/q
. (A.7)
Hence this expression is proportional to the specific heat and it follows from the stability
of the thermal ensemble that the specific heat must be positive. This stability then
ensures that the inequality (A.3) is satisfied by the corresponding Re´nyi entropy.
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Using eq. (A.5), the relevant expression in the first inequality (A.1) becomes
∂Sq
∂q
= − 1
(q − 1)2
1
T0
∫ T0
T0/q
[
Sth(T )− Sth(T0/q)
]
dT . (A.8)
The fact that the integrand here is positive for q > 1 again follows from the stability
requirement above. That is, a positive specific heat implies ∂TSth > 0 and hence the
finite difference in the integrand above is also positive. Hence the desired inequality
(A.1) is again satisfied for q > 1. Examining the case 0 < q < 1 is facilitated by
rewriting the above expression (A.8) as
∂Sq
∂q
= − 1
(1− q)2
1
T0
∫ T0/q
T0
[
Sth(T0/q)− Sth(T )
]
dT . (A.9)
Now it is clear that the same reasoning as above can be used to establish that eq. (A.1)
is still satisfied for this range of q. Again a simple corollary that follows from eq. (A.1)
is that Sn+m ≤ Sn for positive integers, n and m.
Finally considering eq. (A.3), the right-hand side can be written as
∂
∂q
((q − 1)Sq) = 1
T0
∫ T0
T0/q
Sth(T ) dT +
1
q
Sth(T0/q) . (A.10)
For q > 1, the positivity of this expression readily follows simply because the thermal
entropy is always a positive quantity and hence the corresponding inequality (A.3)
holds. In considering the range 0 < q < 1, it is better to write this expression as
∂
∂q
((q − 1)Sq) = 1
T0
∫ T0/q
T0
[
Sth(T0/q)− Sth(T )
]
dT + Sth(T0/q) . (A.11)
In this case, the integral being positive follows from the stability of the thermal ensemble
which implies ∂TSth > 0, as discussed above with eq. (A.8). Of course, the positivity of
the last term in this expression again follows because the thermal entropy is positive.
Hence the desired inequality also holds in the range 0 < q < 1.
B. Re´nyi entropy in d = 3
The results in section 2 indicate that the Re´nyi entropies with a spherical entangling
surface for CFT’s in higher dimensions do not have a simple form analogous to the
two-dimensional result (1.5). In fact, for even dimensions, the Re´nyi entropies depend
on CFT parameters beyond simply the central charges. The latter contrasts with the
known result for the entanglement entropy in any dimension where the coefficient of the
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universal term is simply a linear combination of the central charges appearing in the
trace anomaly [5, 21, 37, 8]. The precise linear combination depends on the geometry
and for a spherical entangling surface, it is simply proportional to A, the central charge
in the A-type anomaly [34].
However, the holographic calculations leading to the above conclusion only refer
to d ≥ 4. Hence one might still hope for some kind of simplification for the form of
the Re´nyi entropy in d = 3. We would like to examine this question with a nontrivial
holographic model with a four-dimensional bulk. The theory we analyze here is a
higher curvature theory with an interaction which is cubic in the Weyl tensor.16 To be
concrete, we consider the following action
IC3 =
1
2ℓ2
P
∫
d4x
√−g
(
6
L2
+R + γL4CabcdC
cdefCef
ab
)
, (B.2)
While no exact analytic black hole solutions are known for this theory, we can readily
construct solutions perturbatively in the (dimensionless) coupling γ. However, before
doing so, let us consider the role of γ in the dual boundary theory. Since the boundary
is three-dimensional, there is no trace anomaly, however, we can still consider the
effective central charges CT and a
∗
d, as introduced in eq. (2.28). However, it turns
out that because the cubic curvature interaction above is constructed with the Weyl
tensor, neither of these parameters in the dual CFT is effected by γ. For example, CT
is essentially determined by the graviton propagator in AdS4 space. However, since the
Weyl curvature vanishes in AdS space, the cubic term in eq. (B.2) can not contribute
to the graviton kinetic term in this background. As this reasoning suggests, the effect
of the cubic interaction only begins to be felt with the introduction of a new interaction
cubic in the gravitons. Therefore the new coupling is first seen in a modification of the
parameters appearing in the three-point function of the boundary stress tensor. In fact,
if we are working perturbatively in this coupling, one would find that to leading order
t4 ∝ γ [38], where t4 is the parameter introduced in eq. (2.49). Hence as a measure of
simplicity, we wish to determine whether or not the Re´nyi entropies are independent
of this additional CFT parameter t4.
In the following analysis of the holographic Re´nyi entropy, we are working pertur-
batively in γ and we will only present the relevant results to first order in this coupling.
A useful check of any of the following expressions is that in the limit γ → 0, they must
16Note that in four dimensions, the Weyl tensor is given by
Cabcd = Rabcd − ga[cRd]b + gb[cRd]a +
1
3
Rga[c gd]b . (B.1)
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reduce to the corresponding result for Einstein gravity with d = 3, as given in section
2.1. Further note that since the Weyl tensor vanishes in AdS space, the new gravi-
tational interaction does not effect the AdS curvature, i.e., as with Einstein gravity,
L˜ = L
In constructing the perturbative black hole solutions, we extend the metric ansatz
(2.1) slightly to
ds2 = −
(
r2
L2
f(r)− 1
)
N2(r) dt2 +
dr2
r2
L2
f(r)− 1 + r
2dΣ22 , (B.3)
i.e., now gtt now contains an independent function N(r). As before, dΣ
2
2 denotes the
metric of a two-dimensional hyperbolic plane with unit curvature. As noted above, to
zeroth order in γ, the solution is just the hyperbolic black hole solution for Einstein
gravity presented in section (2.1) with d = 3. The perturbative solution to linear order
in γ is then given by
f(r) = 1− ω
3
r3
− γ 2ω
6
L2r9
(
8ω3 + 9L2r − 12r3) ,
N(r) = N0
(
1− γ 6ω
6
r6
)
, N0 =
L
R
. (B.4)
The constant N0 is chosen so that the boundary metric matches that given in eq. (2.2).
It is convenient to again parameterize the constant ω3 in terms of the horizon radius
rH which is still determined by eq. (2.3). Hence to first order in γ, we have
ω3 = r3
H
− L2rH + γ 2(4r
2
H
− L2)(r2
H
− L2)2
r3
H
. (B.5)
The temperature is given by eq. (2.4) except that we should replace the constant
N with the function N(r) (evaluated at r = rH). That is,
T =
N(rH)
4π
[
2
rH
+
r2
H
L2
∂f(r)
∂r
∣∣∣∣
r=rH
]
. (B.6)
To leading order in γ, we may write the temperature as
T =
1
4πR
(
3x− 1
x
+ γ
6(1− x2)2
x3
)
. (B.7)
where as before x = rH/L.
Next we determine the horizon entropy using Wald’s formula (2.5), which yields
S =
2π
ℓ2
P
∫
horizon
d2x
√
h
[
1 +
3
2
(
Cab
cdCcd
ef εˆabεˆef − 2CabcdCcdeb εˆaf εˆef − 2
3
CabcdC
abcd
)]
.
(B.8)
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Recall that εˆab is the binormal to the horizon and in Lorentzian signature, εˆab εˆ
ab = −2.
Substituting the above solution into this expression and expressing the result in terms
of x yields
S(x) = 2πVΣ
L2
ℓ2
P
(
xd−1 + 6γ
(x2 − 1)2
x2
)
, (B.9)
to first order in γ.
Finally we apply eq. (2.6) to calculate the Re´nyi entropy and we find
Sq =
π q
q − 1VΣ
L2
ℓ2
P
(
2− xq(1 + x2q) + 2γ
(1− 4x2q)(1− x2q)2
x3q
)
, (B.10)
where again xq is the value of x = rH/L when the temperature (B.7) is T = T0/q.
Working perturbatively in γ, we find
xq =
1 +
√
1 + 3q2
3q
− 4γ
(√
1 + 3q2 − 2
)2
3q
√
1 + 3q2
. (B.11)
Considering the limits q → 0, 1 and ∞, we find to leading order in γ
lim
q→0
Sq = πVΣ
L2
ℓ2
P
8
27
(1 + 2γ)
1
q2
,
lim
q→1
Sq = 2πVΣ
L2
ℓ2
P
, (B.12)
lim
q→∞
Sq = 2πVΣ
L2
ℓ2
P
(
1− 2
3
√
3
+
8
3
√
3
γ
)
.
Here we simply note that our perturbative expression (B.10) of Sq depends on γ and
further this dependence persists above in the limits q → 0, ∞. Hence, it does not seem
that there is any simplification in the form of the Re´nyi entropy in d = 3, compared to
our results for d ≥ 4.
The scaling weight hq of the twist operators in the dual boundary theory can again
be calculated using eq. (4.23) which yields
hq =
−2π
x2(1− 3x2)2
L2
ℓ2
P
(−2γ + 10x2γ − (1 + 26γ)x4 + 3(1 + 6γ)x6) . (B.13)
The q → 1 limit of course has the same simple form as that found in section (4.1):
∂qhq|q=1 = πL
2
ℓ2
P
(B.14)
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C. The on-shell bulk action for d = 2
In this appendix, we review some of the details of the holographic construction pre-
sented in [46] when applied in our holographic calculation of the Re´nyi entropy in
section 3.2. First, we write the three-dimensional bulk metric in FG gauge as given in
eq. (3.13), which we reproduce here
ds2 =
L2dρ2
4ρ2
+
gab(ω, ω¯, ρ)dx
adxb
ρ
. (C.1)
As discussed in the main text, the bulk geometry is the pure AdS3 space for d = 2. In
this case, the curvature tensor can be written in terms of the bulk metrc G as
Rµνρσ = − 1
L2
(GµρGνσ −GµσGνρ) , (C.2)
where L is the AdS curvature scale. Substituting the metric G in eq. (C.1) into this
expression implies that
∂3ρ gab(ω, ω¯, ρ) = 0 , (C.3)
and so the expansion (3.14) of gab(ω, ω¯, ρ) terminates at order ρ
2. In fact, the full result
may be written as
g = (1 +
ρ
2
g(2)g
−1
(0)) g(0) (1 +
ρ
2
g−1(0)g(2)) . (C.4)
In d = 2, the conformal symmetry at the boundary alone does not completely determine
g(2) since this is the order at which the expansion contains information about the state
of the CFT, e.g., the vacuum expectation value of the energy-momentum tensor. Of
course, in higher dimensions, this date enters the FG expansion at order d. In any
event, the boundary conformal symmetry does fix the form of g(2) as follows
g(2) ab = −L
2
2
(
R(0) g(0) ab + Tab
)
, (C.5)
where
∇a Tab = 0 , and gab(0) Tab = −R(0) , (C.6)
with R(0), the Ricci scalar for the boundary metric g(0).
The symmetric tensor Tab above behaves very much like a stress tensor. Hence, to
generate solutions, [46] proposed to take the analogy more seriously, by introducing an
auxiliary scalar Liouville field φ on the AdS boundary, whose action is
Iφ =
1
48π
∫
dωdω¯
√
g(0)
(
1
2
gab(0) ∂aφ ∂bφ− φR(0)
)
. (C.7)
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The resulting energy-momentum tensor, which we equate with the unknown tensor in
eq. (C.5), is given by
Tab = −1
2
∂aφ ∂bφ−∇a∂bφ+ g(0) ab
(
1
4
gab(0) ∂aφ ∂bφ+ g
ab
(0)∇a∂bφ
)
, (C.8)
where covariant derivatives ∇ are again evaluated with g(0). With the introduction of
φ, the second expression in eq. (C.6) becomes
gab(0)∇a∂bφ = −R(0) . (C.9)
We now focus on the specific case where the boundary is the universal cover of the
orbifold, in which case g(0) is given by eq. (3.15). We know that the universal cover is not
flat everywhere and its curvature can be deduced from the conformal transformation
(3.5) that takes us to the flat z-plane, i.e.,
R(0)[gzz¯] = Ω
−2
(
R(0)[gωω¯]− 4gωω¯ ∂ω∂ω¯ ln Ω
)
= 0 , (C.10)
where
Ω =
∣∣∣∣(ω − v1)−(1−1/q)(ω − v2)−(1+1/q)∣∣∣∣ . (C.11)
Substituting this expression into eq. (C.9) then yields
∂ω∂ωφ = −2 ∂ω∂ω ln Ω , (C.12)
which is readily solved with
φ = −2 lnΩ + F (ω) + F (ω) , (C.13)
where F (ω) is some general holomorphic function. For simplicity, let us set F (ω) = 0
and as we will see this is the correct choice given the conformal transformation (3.4)
which we performed at the boundary. We may simplify eq. (C.8) for the boundary
metric g(0) given by eq. (3.15) to find
Tωω = −∂∂φ − 1
2
(∂φ)2 = (Tω¯ω¯) , Tωω¯ = ∂∂¯φ . (C.14)
Substituting the explicit solution (C.13) (with F = 0) into the above expression then
yields
Tωω = 1
2
(
1− 1
q2
)
(v2 − v1)2
(ω − v2)2 (ω − v1)2 . (C.15)
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Of course, the tensor Tab is simply to the expectation value of the stress tensor Tab
in the boundary theory. With d = 2, the relation is found to be17
〈 Tab 〉 = 1
L ℓP
(
g(2) ab − g(0) abTr(g−1(0) g(2))
)
= −1
2
L
ℓP
Tab . (C.16)
Here the final expression comes from substituting eqs. (C.5) and (C.6) for g(2). Hence
combining eq. (C.15) with the usual result for the central charge c = 12πL/ℓP (for
Einstein gravity in the bulk), we arrive at
〈Tωω〉 = − c
48π
(
1− 1
q2
)
(v2 − v1)2
(ω − v2)2 (ω − v1)2 , (C.17)
which precisely matches the CFT result (3.7).
Perhaps this result should not be surprising since it is well known that a Weyl
rescaling will shift the action of any d = 2 CFT action by an expression proportional
to the Liouville action, where the Liouville field takes the value of the Weyl factor [58].
Further, in the case where the Weyl factor is generated by a conformal transformation,
the stress tensor of the Liouville action evaluates precisely to the Schwarzian. The
holographic result suggests that the bulk gravitational action should also be shifted by
the same Liouville action (as a surface term) relative to action evaluated in Poincare´
coordinates.18
Nevertheless, to proceed with our holographic calculation of the Re´nyi entropy, we
begin by substituting the metric (C.4) into the gravitational action and evaluating it
on-shell. The latter action consists of the Einstein-Hilbert action IEH and two boundary
contributions, the Gibbons-Hawking term IGH and a counter-term action Ict [22]:
Itot =
1
2ℓP
(IEH + IGH + Ict) , IEH = −
∫
d3x
√
G
(
R +
2
L2
)
,
IGH = −2
∫
UV
d2x
√
hK , Ict =
2
L
∫
UV
d2x
√
h . (C.18)
Above the two boundary contributions are evaluated on the UV regulator surface ρ =
ρmin = δ
2/L2, where δ is the short distance cut-off in the boundary theory which was
introduced in the main text. In particular then, h(ω, ω¯) and K are respectively the
induced metric and the extrinsic curvature on this regulator surface.
17We comment here that the definitions of the energy-momentum tensor in [2] and [46] differ by the
same factor of −2pi that was noted in footnote 11.
18This need not seem obvious at this point. However, we return to addressing this issue in section
3.3.
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Let us begin with IEH . Since the bulk geometry is pure AdS3 space, this contribu-
tion reduces to
IEH =
∫
dρ dωdω¯
√
det g(ρ, ω, ω¯)
2
ρ2L2
. (C.19)
Now using eq. (C.4), we may evaluate det g as
det
[
g
]
= det
[
1 +
ρ
2
g(2)g
−1
(0)
]
det[g(0)] det
[
1 +
ρ
2
g−1(0)g(2)
]
. (C.20)
Since the matrix (1 + ρ
2
g(2)g
−1
(0)) is the transpose of (1 +
ρ
2
g−1(0)g(2)), the corresponding
determinants are the same. Therefore we have√
det g =
√
det g(0) det
(
1 +
ρ
2
g(2)g
−1
(0)
)
. (C.21)
In the bulk action, ρ is integrated from the UV cut-off ρmin to some upper bound ρcrit.
In [46], it was suggested that a natural upper bound would be det[g] becomes zero,
which can be interpreted as the center of bulk space. Taking this approach, we must
solve
det
(
1 +
ρ
2
g(2)g
−1
(0)
)∣∣∣
ρmin
= 0 , (C.22)
which, using eq. (C.6), yields
ρ±crit =
8
L2(R(0) ∓ 4
√
∆)
, with ∆ =
1
8
(
tr(T 2)− 1
2
(trT )2
)
. (C.23)
Above, the traces are again taken using the boundary metric g(0). The appropriate
physical solution is the smaller solution ρ−crit. Finally, let us note that in these coordi-
nates, the surface terms IGH + Ict cancel out all of the power law divergences in the
bulk term IEH. Explicitly, we have
Ict = 2L
∫
dωdω¯
√
det g(δ)
δ2
=
2L
δ2
∫
dωdω¯
√
det g(0)
(
1− δ
2
4
R(0)
)
, (C.24)
IGH = L
∫
dωdω¯
√
det g(δ)
δ2
(−4 + 2δ2 gµν(δ) g′µν(δ)) = −4Lδ2
∫
dωdω¯
√
det g(0) .
Hence by combining the above expressions, the on-shell gravity action (C.18) becomes
Itot = − c
12πL2
∫
dωdω¯
√
g(0)
[
L2
4
R(0) ln ρ
−
crit +
1
ρ−crit
+
L2
4
R(0)
]
, (C.25)
One further simplification follows if we substitute the expression for ρ−crit given in
eq. (C.23) into the second term in the integrand above:
Itot = − c
12π
∫
dωdω¯
√
g(0)
[
L2
R(0)
4
ln ρ−crit +
1
2
√
|Tωω|2 + 3
8
L2R(0)
]
. (C.26)
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We use this result to evaluate the Re´nyi entropy of the boundary CFT in section 3.2.
As noted in section 3.3, the primary role of the FG coordinates is to select an
interesting UV regulator surface in our holographic calculation of the Re´nyi entropy.
That is, with d = 2, the bulk geometry is empty AdS3 space and so the interesting
physics comes from the ‘unusual’ asymptotic regulator surface whose choice is motivated
by the problem of calculating the Re´nyi entropy. Let us examine the geometry of this
regulator surface in more detail here. First we note that the coordinate transformation
that takes us from general FG coordinates (C.1) to the standard Poincare´ coordinates
coordinates,
ds2 =
L2
ξ2
(
dξ2 + dzdz¯
)
, (C.27)
for an AdS3 bulk was found by [47]. Applying this result to the present case, we find
ξ =
ρ1/2 e−φˆ
1 + L2ρ e−2φˆ|∂yφˆ|2
z = y +
L2ρ e−2φˆ ∂y¯φˆ
1 + L2ρ e−2φˆ|∂yφˆ|2
, (C.28)
where
y ≡
(
ω − v1
ω − v2
) 1
q
. (C.29)
Further φˆ is related to the conformal factor appearing in eq. (3.5),
eφˆ ≡ q
v2 − v1 |ω − v1|
(1−1/q)|ω − v2|(1+1/q) = q (v2 − v1) |y|
q−1
|yq − 1|2 . (C.30)
We observe that in the asymptotic limit, ρ → 0, the second expression in eq. (C.28)
becomes simply z = y. Hence on the boundary, this transformation reduces to precisely
that between the ω-plane and its universal cover given in eq. (3.4).
Now the region that is being cut out by our regularization in eq. (3.17) can easily be
understood using this coordinate transformation. The constant factors can be readily
absorbed by a rescaling of the coordinates and will be ignored below. Further we will
set L = 1 to avoid clutter in the following. We begin by manipulating the above
transformation (C.28) by taking ratios of the two expressions to solve for ρe−2φˆ and
then substituting the result back in to the equation for z to obtain
|z − y|
ξ2 + |z − y|2 = |∂yφˆ| . (C.31)
Now for illustrative purposes, let us focus on ω ≃ v1. In the analysis of the on-
shell action above the integration over the boundary coordinates was regulated here by
cutting off the integral at |ω−v1| = δ — see eq. (3.17). Alternatively, using eq. (C.29),
we can think that this cut-off surface was placed at y ≃ δ1/q/(v2 − v1) ≡ δˆ. Now from
eq. (C.30), in the vicinity of y = 0, we have
eφˆ ≃ q(v2 − v1) |y|q−1 . (C.32)
Combining these results in eq. (C.31) then yields
ξ2 + |z − δˆ|2 ≃ 2 δˆ
q − 1 |z − δˆ| . (C.33)
To simplify the discussion, let us consider the cross-section of this surface given by
fixing z to be real (and positive). Then eq. (C.33) describes a semi-circle centered on
the ξ-axis at z = δˆq/(q − 1) and with radius δˆ/(q − 1) — see figure 6. Hence the
semi-circle reaches the asymptotic boundary, i.e., ξ = 0, at z = δˆ and δˆ(q+1)/(q− 1).
However, let us consider general curves of constant y in the vicinity of y ≃ 0:
ξ2 + (z − y)2 ≃ 2 y
q − 1(z − y) , (C.34)
where we are assuming that both z and y are real and positive. Treating y as a
parameter, eq. (C.34) describes a semi-circle in the (ξ, z)-plane, which is now centered
on the ξ-axis at z = yq/(q − 1) and has radius y/(q − 1). This may seem slightly
confusing since if we consider some value of y slightly larger than the cut-off y = δˆ,
we find the corresponding surface is slightly larger semi-circle which has moved to the
right, as illustrated in figure 6. In particular, this constant y curve crosses the cut-off
surface described by eq. (C.33). This reflects a degeneracy in the coordinates and we
will argue below that we should only consider the left-hand (blue) portion of any of
these semi-circles.
Recall in our evaluation of the on-shell action above, the integration over ρ is
bounded in the IR by ρ−crit, as given in eq. (C.23). Let us examine this bound in the
region ω ≃ v1 or y ≃ 0. First we observe that with y ≥ δˆ we stay away from the
singularity in the boundary metric and so R(0) = 0. In this case, eq. (C.23) reduces
to ρ−crit = 2/|Tωω|. Then using eq. (C.15), we find in the vicinity of y ≃ 0 that the IR
boundary becomes
ρ = ρ−crit ≃
4|y|2q(v2 − v1)2
1− 1
q2
. (C.35)
We can express this equation in terms of ξ and z by substituting the above into
eq. (C.28) and then eliminating y. The final result takes the simple form:
ξ =
z√
q2 − 1 . (C.36)
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z = ∆
` q + 1
q - 1z = ∆
` z
Ξ
Figure 6: (Colour Online) FG coordinate surfaces near the singularity in the boundary
metric at ω = v illustrated in Poincare´ coordinates. The semi-circle to the left cor-
responds to the surface y = δˆ given by eq. (C.33). The semi-circle to the right again
corresponds to a constant y surface for a slightly larger value of y. The black line
corresponds to the IR boundary, i.e., ρ = ρ−crit. As discussed in the main text, the red
dashed portions of the semi-circles are spurious.
That is, the IR boundary is simply a straight line with slope 1/
√
q2 − 1 extending
out from the origin in the (ξ, z)-plane. Examining this surface more carefully we find
that it is precisely tangent to the constant y semi-circles defined by eq. (C.34), as
illustrated in figure 6. This feature is not a coincidence as ρ−crit in eq. (C.23) was chosen
to correspond to the vanishing of det[g]. We can now infer that, in the present case,
this vanishing corresponds to a degeneracy of the FG coordinates, i.e., dρ ∝ (dω+ dω¯)
along the surface ρ = ρ−crit. In any event, this analysis also indicates that the part of
the semi-circles (C.34) that bends downwards as y increases, is actually excluded in the
coordinate patch covered by ρ and y. That is, we should only consider the left-hand
(blue) portion of any of the semi-circles illustrated in figure 6.
Of course, a similar analysis will reveal analogous behaviour in the vicinity of the
singularity in the boundary metric at ω ≃ v2, which corresponds to the bulk region
near ξ = 0, z → ∞. In particular then, the regulator |ω − v2| > δ corresponds to a
cut-off surface that extends from the asymptotic boundary at ξ = 0 to the IR boundary
at ρ = ρ−crit. So far we have only described the portion of the cut-off surface in the bulk
that appears in the vicinity of the singularities in the universal cover of the ω-plane,
i.e., near the insertions of the twist operators. The cut-off surface that completes the
regulation of the bulk integrals has a more conventional form. Namely, it is defined
by asymptotic surface at ρmin = δ
2 = (v2 − v1)2q δˆ2q. Hence the full cut-off surface can
be regarded as having three components, the two surfaces cutting off the approach to
the twist operators at ω = v2 and ω = v1, as well as a conventional UV cut-off surface
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extending over the rest of the boundary away from these singular points.
To close, let us comment on the difference between the various calculations of the
on-shell action for d = 2. In particular, above we considered a calculation based on
choosing FG coordinates, while that proposed in section 3.3 relies directly on choosing
an unusual regulator surface in the AdS3 vacuum. Similarly as described in the latter
section, calculating the Euclidean action for the three-dimensional black hole (4.10) has
a similar flavour of choosing an unconventional cut-off surface. However, a feature which
distinguishes the first calculation is the appearance of an ‘IR boundary’ at ρ = ρ−crit.
Again, the motivation for choosing this upper bound on the ρ integration was to identify
the center of the bulk geometry with the vanishing of det[g]. However, as we can see in
the discussion above, e.g., in figure 6, this interpretation fails in the present calculation.
Rather this IR boundary simply corresponds to a degeneracy in the FG coordinate
system and is not distinguished by any invariant property of the bulk geometry. A
consequence of employing this upper bound on the ρ integration is that a ‘large’ (but
finite) part of the AdS3 bulk is simply excluded in evaluating the on-shell action. On
the other hand, we have explicitly seen that both this calculation and the black hole
calculation reproduce the correct Re´nyi entropy (1.5), expected for a two-dimensional
CFT. In fact, eq. (1.5) corresponds to the universal contribution to the Re´nyi entropy
and in general, we should expect that there may also be a non-universal constant
contribution [2, 3]. Hence the difference between the various holographic calculations
must lie in this non-universal contribution. In particular, the integration over the
additional region in the bulk space beyond ρ = ρ−crit must only contribute a finite
δ-independent term. Hence this actually provides a reassuring demonstration that,
within the holographic approach, different regulation schemes lead to the same universal
contribution, as expected.
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